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ÜgN: Ph.D. AÛ©Û§�Æã�©Û¶

�ú�mµ±Ê(2pm-4pm)½ý�"ãÖ,Ü�¢501"

VÇÚO�§�¦µÌ216 z±(Ïn(6pm-8pm)
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�§0�9VÇ�. 0�

�§0�: ë�Ö8

ý��¦µ�È©.
ë�Ö8µ

(�á) VÇÚO9�ÅL§"Ü4��§�[Ê�ÊU�ÆÑ�
�"ISBN: 7810770047

(í�) VÇ�Ø. (MIT�á) <¬e>Ñ��ISBN
9787115215444"

(í�¤A^�ÅL§VÇ�.�Ø"Sheldon M.Ross§÷1°È§
<¬e>Ñ��"ISBNµ9787115167330

(�ï) VÇØ�ênÚO"�½�(úô�Æ�á). p���Ñ�
�"ISBN 9787040238969
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�§0�9VÇ�. 0�

�§0�µSNÆS

VÇÚOµ�k^�êÆ�§"

~f: ÙÆ, �¦§½|N�"

SN: �Åy�ï�+ÚOûü"

óäµnØ(êÆ©Û...), A^µ^�SAS,..."

�§ÆS

8IµÆ¬VÇï��g�Ú�{¶ÝºA^9E|()K).

��µz±��g"TBA

¤1µ ²�¤110+Ï"�Á90=100
�ÿ�eZ(quizs).

¯KºQ&A(Questions and Answers)
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�§0�9VÇ�. VÇ�.

���m

���m: L«��Á��¤k�U(J�8Ü"P�S½Ω"
(½y�µê→ ¼ê
�Åy�µ8Ü→ �ÅL§
���m�~fµ

ÝM1µ(Head, Tail)
��fµ(1,2,3,4,5,6)
�Â�qµº

¯�µ���m¥'%�(J(f8Ü). ^A,B�L«"
A = { �f´óê}
¯��f8¶8Ü$�"�8=Ø�U¯�¶�8´7,¯�¶

5¿µØ´¤kf8Ñ´¯�!
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�§0�9VÇ�. VÇ�.

VÇÆ(law)

VÇÆP:�z�¯��½��VÇ��"

1 P(A) ≥ 0

2 P(Ω) = 1

3 A ∩ B = ∅,P(A ∪ B) = P(A) + P(B)

EXAMPLE

ÝM1µ(Head, Tail) A = {Head},B = {Tail}, �½P(A) = P(B) = 1
2 .

aqé��f�±�½P({1}) = 1
6 ...

(k��m)�;VÇ�.µP(A) = #A
#Ω

¯Kµ �mÃ¡No�º�%f8No�º
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�§0�9VÇ�. VÇ�.

VÇ�ý¢­.

�o´VÇº5VÇ�g¹6E.T.Jaynes

ÙÆ�ç¦�µVÇ´��U�→ �;V
Ç�.Laplace

ù¢�´Ä´ùÈ���º²U¬e�

íºVÇ´Ì*�ä(²�) → ��dÆ
�Bayes

<�Ñ)ÇµI¯vs å¯105 : 100 VÇ´
êâu)�ªÇ→ ªÇÆ�Fisher

VÇ�.µ3ØÓ�A^¥ÀJØÓ��

."”84PàÒ´Ðc!”
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�§0�9VÇ�. VÇ�.

g�K

ò52ÜÀ��3Sþ�ÜÜ�m¶���Ñy�Ü”A”��"2��Ü
ý§¯e�Üý´ç;A�VÇÚ�¬2�VÇX�º
���! p = 1

52 .
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�§0�9VÇ�. ���m�8ÜØ

¯��8Ü

8ÜΩ: ��ω ∈ Ω
Pf8A = {ω|ω ∈ A}.
8Ü$�: Ā = Ω− A, ¦{A ∩ B = AB,”\
{” A ∪ B, ~{A− B = AB̄
éA�¯�¿Âº

Ø�N¯�: A ∩ B = ∅.
éá¯�µĀ

8Ü$��5Æµ��Æ§(ÜÆ¶

Venn��ã

k^úªµ

A ∪ B = A + ĀB,A = AB + AB̄
De-Morganúªµ⋃j=n

j=1 Ai =
⋂j=n

j=1 Āi .
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�§0�9VÇ�. ���m�8ÜØ

�é¯K

EXAMPLE (�é¯K)

?¿n�ÓÆ�
n���§�Åz<u£����§Á¦
kk = 0, 1, 2, ..., n�ÓÆ��gC���VÇº{ü�/µn = 2, n = 3,

)�.

�n = 3, Pn�<A,B,C ,��a, b, c , AbL«A<�b���"
���mµΩ = {AaBbCc,AaBcCb,AbBaCc,AbBcCa,AcBbCa,AcBaCb}
¯�: X = k�ÓÆ�é¤õ¶k = 0: X = {AbBcCa,AcBaCb}
k = 1: X = {AaBcCb,AbBaCc,AcBbCa}
k = 2: X = ∅; k = 3: X = {AaBbCc}
�;VÇO�kP({X = 0}) = 1

3 ,P({X = 1}) = 1
2 ,

P({X = 2}) = 0,P({X = 3}) = 1
6 ,

nC��§�¹×�CE,! ��Yù)"
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�§0�9VÇ�. �;VÇ�.�|ÜÆ

Oê�{counting

Theorem (¦{�n)

�¤��¯�kÚ§z�Ú©Okn1, n2, n3, . . . , nk�{§K�¤ù�¯
��{�kn = n1 · n2 · · · nk .

Ä�(Jµ

(mgÁ�): ln���¥k�£�zg���¶�Ñm���,ü¤
��¶�knm«�U¶ØÓü�´��U�¶

(m�ü�) ln���¥Ã�£�zg���¶�Ñm���,ü¤
��¶�kAm

n = n!
(n−m)!«�U¶ØÓü�´��U�¶

(m�|Ü) ln���¥Ã�£�zg���¶�Ñm���,�3
�|¶�kCm

n = n!
m!(n−m)!«�U¶ØÓ|Ü´��U�¶

~fµ(8Üf8��ê) 8Ükn���§K¤kf8��ê�2n"|
^µ|Üê=��ªXê, d��ªÐm(x + y)n =

∑
Cn
i x

iyn−i��"
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�§0�9VÇ�. �;VÇ�.�|ÜÆ

~f

EXAMPLE ()F¯K)

?¿n�<¥k[��ü�<]k�Ó)F�VÇ"

)�.

b�z�<��UÑ)u365U¥?�U"
n�<)F����mΩ��µ365n

Ā =[vkü�<)F�Ó], Ā�8Ü���n!Cn
365,

P(A) = 1− P(Ā) = 1− n!Cn
365

365n

n 20 30 40 50 60 70 80
pn 0.411 0.706 0.891 0.970 0.994 0.999 0.9999
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�§0�9VÇ�. �;VÇ�.�|ÜÆ

��

�Ê�á:

P31 SK�.
1(2),(3),(5);
4
5
6
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VÇ�.�únz lk��.�Ã¡

Ã¡���m: �ê

�;�.: 8Ükn���, z����w¤��f8,¡�Ä�¯
�(��:);

�ê�.(lÑ�.)µ8Ük�ê���"z����w¤��f
8,�w¤¯�¶

EXAMPLE (�Â·¥)

���<�q·¥Ç�p, ­E�Â���¥qÊ�"·�'%���Â
õ�gâU�¥º

)�.

���mµΩ = {1, 2, 3, . . . , n, . . . ,∞}
VÇ

ÆµP(x = 1) = p,P(X = 2) = p(1− p), . . . ,P(X = n) = p(1− p)n−1.
�yP(X = 1) + P(X = 2) + · · · = 1

���µ�ê�.�VÇÆ�éA��Âñ���?ê(Ú�1)"
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VÇ�.�únz lk��.�Ã¡

Ã¡���m: ëY�m(Ø�ê)

ëY�.µ8ÜkØ�ê���"z����w¤��f8,��:�
�¯�Ã¿Â! Ï��:�VÇ7L�"!
�;VÇí2µAÛVÇ½ÂP(A) = L(A)

L(Ω) ,Ù¥L(A)L«Ù«��¡È

½�Ý½NÈ"

EXAMPLE (�¬¯K)

ü�<�½38:¨�¡§Ñ�U´��õ����"XJk���
ÿ15©¨§¯ü�<U�¡�VÇ"

)�.

����m©O�x , y , ���mµΩ = {(x , y)|8 ≤ x ≤ 9, 8 ≤ y ≤ 9}
¯�µü�<�¡A = {(x , y)||x − y | ≤ 15/60}
VÇÆµP(A) = L(A)

L(Ω) , O�kP(A) = 1− P(Ā) = 1− 3
4 ·

3
4 = 7

16

���µëY�.�VÇÆéA���È¼ê"
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VÇ�.�únz únz�.

VÇÆ�únz

Definition (VÇ: 1930 Kolmogorov)

P´½Â3���mΩþ¤k¯�F���¼ê¶P : F→ [0, 1], ÷v

1 �K5µP(A) ≥ 0;

2 5�5µP(Ω) = 1;

3 �ê(�)�\5µXJAi´pØ�N¯�§

KP(
⋃∞

i=1 Ai ) =
∑∞

i=1 P(Ai )¶

¡P�Ω���VÇ(Æ)§PP(A)�¯�A�VÇ"

Ä�á5

P(∅) = 0¶k��\5¶

üN5µA ⊂ B§KP(A) ≤ P(B);

***ëY5µküNOS�Ai ,üN~S�Bi , K
P(

⋃∞
n=1 An) = limn→∞ P(An) ,P(

⋂∞
n=1 Bn) = limn→∞ P(Bn)

***êÆþ¡VÇ�ÿÝ¶�¢C¼êØ"
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VÇ�.�únz únz�.

l�;�ªÇÆ�

P.Laplace VS J.Venn

VÇ�ý¢��º

ÝM1µcoin flipping �¡�V
Çº

.Ê.dµ1/2

De Morgan ���µ1061/2048

Æ´Buffonµ2048/4040

John Kerrich: 5067/10000

K Pearson: 12012/24000,
Feller: 4979/10000;

ªÇÆ�µVÇd�þêâ�ªÇ

û½"
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VÇ�.�únz únz�.

Texas Hold’em

�²À�Texas Hold’em,´­.þ�61�À�iZ"z�
[��^
ÊÜÀ�ý'��"��idÀ����5KXeµ

1 �[Ós^Royal straight flush ('Xç;10,J,Q,K,A)
2 Ós^Straight flush ('Xç;3,4,5,6,7)
3 o^,¿�Four of a kind ('Xo^9Ú��Ù§?Ûý)
4 ÷,çFull house (n^\�é) 5.��ÚFlush ('Xrs2,5,6,8,J)
5 �^9Straight ('X4,5,6,7,8ØÓsÚ·,)
6 n^Three of a Kind ('Xn�8ÚÙ§?¿üÜüý)
7 üéTwo Pair
8 �éPair

g�µù�5KÜníº�«�/�VÇ´õ�º
ÜgN (BUAA) VÇÚO��ÅL§ September 17, 2010 19 / 24

VÇ�.�únz \{úª

\{úª

Proposition (\{úª)

1 P(A ∪ B) = P(A) + P(B)− P(A ∩ B);

2 P(A1 ∪ A2 ∪ A3) =
∑

P(Ai )−
∑

P(AiAj) + P(A1A2A3);

3 Jordan ��úªµ
P(

⋃n
i=1 Ai ) =

∑n
k=1(−1)k−1pk¶

Ù¥pk =
∑

P(Ai1Ai2 . . .Aik ).

y²(1).

P(A ∪ B) = P(A + Ā ∩ B) = P(A) + P(ĀB)
= P(A) + P(ĀB) + P(AB)− P(AB) =
P(A) + P(B)− P(AB)
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VÇ�.�únz \{úª

2!µ�é¯K

EXAMPLE (�é¯K)

?¿n�ÓÆ�
n���§�Åz<u£����§¯vk��ÓÆ�
�gC���VÇº

)�.

(éá¯�Ā)O���k��<��gC����VÇ.�Ei´1i�<�
�gC���¯�¶KĀ =

⋃i=n
i=1 Ei .

JordanúªµP(Ā) = P(
⋃i=n

i=1 Ei ) =
∑n

k=1(−1)k−1pk ,
pk =

∑
P(Ei1Ei2 . . .Eik ).

P(J�(1, 2, 3, . . . , n),(Ei1Ei2 . . .Eik )�Ù¥k�<<�gC��¶�
en − k�?¿ü�¶���m´n�?¿ü�§ä
½:P(Ei1Ei2 . . .Eik ) = (n−k)!

n!
,	: n¥Àk�<�kC k

n�U; Jordanúª¥z��¦Úkpk = 1
k!

P(Ā) = 1− 1
2! + 1

3! − · · ·+ (−1)n−1 1
n! ,P(A) = 1− P(Ā).

AOµn¿©��§P(A) ≈ e−1 ≈ 0.3678.
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VÇ�.�únz ¢~

�¬u�

EXAMPLE (�AÛ©Ù)

b�N��¬¥kM�g¬,Ä�n��¬u�§Ù¥Tkm�g¬�V
Ç"

Proof.

Am´Tkm��¬�¯�(m ≤ n).

P(Am) =
Cm
MCn−m

N−M

Cn
N

ÜgN (BUAA) VÇÚO��ÅL§ September 17, 2010 22 / 24

VÇ�.�únz ¢~

ü�|ÜYµ©|¯K

(mgÁ�): ln���¥k�£�zg���¶�Ñm���,ü¤
��¶�knm«�U¶ØÓü�´��U�¶
(m�ü�) ln���¥Ã�£�zg���¶�Ñm���,ü¤
��¶�kAm

n = n!
(n−m)!«�U¶ØÓü�´��U�¶

(m�|Ü) ln���¥Ã�£�zg���¶�Ñm���,�3
�|¶�kCm

n = n!
m!(n−m)!«�U¶ØÓ|Ü´��U�¶

(k­©|) òn���©¤ØÓ�k|§Ø�Äz|¥���gS¶
1i�|Tkni�����U©|�

n!
n1!n2!...nk !«�U¶ØÓ©|´�

�U�¶

~fµ��k4�ïÄ)12���)§©��4��8¥§�Å©�§¯
z��8�Ðk��ïÄ)�VÇº

Proof.

���m��µ 16!
4!4!4!4! .

¯���: 12!
3!3!3!3! · 4!. VÇP(A) = 64

455
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VÇ�.�únz ¢~

��

�Ê�á:

P31 SK�. 8,11,16,18
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Week 3,4 : ^�VÇ�Õá5

1 ^�VÇ�O�úª

^�VÇ

�VÇ���dúª

O��A^

2 Õá5�XÚ

Õá5

XÚ�Á�

SK�¦
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Reviewµ£�

RECALL:

VÇ�.=���m+VÇÆ

únzµk��Ã¡(êÆ©Û
óä!)

Oê§\{úª§~f"

TODAY

O�úªµ¦{§�VÇ§�

�dúª¶

^�VÇ→ ÚOíä"

EXAMPLE (ÙýiZ)

knÜýµ�Üü¡Ñ´ù�§�

Üü¡Ñ´ç�§�Üü¡´�ù

�ç"�Å�Ñ�Ü§XJ�¡´

ù�§�¡´ç�´ùº

N�Iaº

IaüÑµ[�Ù�¡Ú�¡��!
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^�VÇ�O�úª ^�VÇ

^�VÇ�½Â

EXAMPLE (VÇ�Cz)

��f�g§(J�6�VÇ�1
6 . XJ®�(J�óê§(J�6�V

Ç�1
3 . XJ®�(J'4�Qº

)ºµVÇ�mu)
Cz"

Definition (^�VÇ)

�A,B´¯�§®�Au)§Bu)�VÇP�P(B|A). Ùúª

�P(B|A) = P(AB)
P(A) , Ù¥P(A) > 0"

�;�.)º: P(A ∩ B) = ](A∩B)
]Ω = ](A∩B)

]A · ](A)
]Ω = P(A)P(B|A)

únz�.→ ½nµPPA(B) = P(B|A),PA´��VÇ(÷vVÇ
ún);

ÜgN (BUAA) VÇÚO��ÅL§ October 8, 2010 4 / 20



^�VÇ�O�úª ^�VÇ

^�VÇ´��VÇÆ! ***

Theorem (^�VÇ)

^�VÇ÷vVÇúnz�n�^�"

�KµPA(B) ≥ 0

8�zµPA(Ω) = 1

(��) �\5PA(B ∪ C ) = PA(B) + PA(C ).

Corollary (^�VÇe�^�VÇ)

�k¯�A,B,C, ®�Au)§k^�VÇPA, q®�Bu)§k^�V
ÇPAB , KPA(C |B) = PAB(C ).

ÜgN (BUAA) VÇÚO��ÅL§ October 8, 2010 5 / 20

^�VÇ�O�úª ^�VÇ

¦{úª

Proposition (¦{úª)

P(A ∩ B) = P(A)P(B|A),�±í2�n�¯
�"P(A1A2 . . .An) = P(A1)P(A2|A1) . . .P(An|A1A2 . . .An−1)

EXAMPLE (À�)

�Bý(52Ü)ëYÄnÜÑØ´ù;�VÇº

Proof.

�A1,A2,A3L«1iÜýØ´ù;"
P(A1) = 39

52 , P(A2) =?
P(A2|A1) = 38

51 , P(A3|A1A2) = 37
50

KP(A1A2A3) = P(A1)P(A2|A1)P(A3|A1A2).
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^�VÇ�O�úª �VÇ���dúª

�VÇúª

Proposition (�VÇúª)

P(B) = P(A)P(B|A) + P(Ā)P(B|Ā),�±í2�n�pØ�N¯�(÷
v

⋃
Ai = Ω)"

y²µP(B) = P(B ∩ Ω) = P(B ∩ (A ∪ Ā))
P(B) = P(BA) + P(BĀ) = P(A)P(B|A) + P(Ā)P(B|Ā)

EXAMPLE (ºxµ�)

�xúi@�m�ö©�üa"�aN´Ñ¯�§�a�S�ö"ÚO

uyN´Ñ¯�3�cSu)¯��VÇ´0.4¶S�ö�0.2. �1�
a<�'~�30%. yk��#iÅï�x§¯¦3�cSÑ¯��V
Ç´õ�ºXJ¦�cSÑ
¯�§¦´N´Ñ¯�ö�VÇ´õ�º

)�µPA =N´Ñ¯�ö¶B =�cSu)¯�¶
(1): P(B) = P(B|A)P(A) + P(B|Ā)P(Ā) = 0.4× 0.3 + 0.2× 0.7 = 0.26

(2): P(A|B) = P(AB)
P(B) = P(A)P(B|A)

P(B) = 6/13.
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^�VÇ�O�úª �VÇ���dúª

BayesVÇ�ÏJín***

Thomas
Bayes(1702-1761)

Theorem (��d½n)

P(A|B) = P(A)P(B|A)
P(B) = P(A)P(B|A)

P(B) "

Proof: P(AB) = P(A|B)P(B) = P(B)P(B|A)

�A´�Ï§B´(J"®�Bu)§í
äA´Äu)º

¡P(A)´k�VÇ(prior)§P(A|B)´��
VÇ(posterior). P(B|A)´q,
5(likeliwood), P(B)´>�VÇ(marginal).

��díäµ#�¯�½&EBUC
A�
VÇ(��d½n)"→ ÏL�õ&E��
�(���Ï�ä.
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^�VÇ�O�úª �VÇ���dúª

��dúª

Proposition (��dúª(_VÇúª))

P(A|B) = P(A)P(B|A)

P(A)P(B|A)+P(Ā)P(B|Ā)
,�±í2�n�pØ�N¯�"

[y²]: �VÇúªkP(B) = P(A)P(B|A) + P(Ā)P(B|Ā)§�\��d
½n��"

EXAMPLE

ÙýiZµknÜý"�Üü¡Ñ´ù�§�Üü¡Ñ´ç�§�Üü

¡´�ù�ç"�Å�Ñ�Ü§XJ´ù�§�¡´ç�VÇõ�º

Pý�RR,RB,BB,�Ñ�ý�þ�ù¯��A,
P(RB|A) = P(RB∩A)

P(A|RR)P(RR)+P(A|RB)P(RB)+P(A|BB)P(BB) = 1/3.
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^�VÇ�O�úª O��A^

Ä\�n

EXAMPLE (Ä\�n)

n�\¥km��¥ø"k�£�Ä\µ?�g¥ø�VÇ�m/n"Ã�
£��ÅÄ\§?�g�¥øVÇ�´m/n. =Äø�gSÃ'!

Proof.

k�£�/µw,?�gVÇm/n.
Ã�£�/µPAkL«1kg¥ø�¯�"KP(A1) = m

n .
êÆ8B{:�P(Ak−1) = m/n, é¤km, nÑ¤á§K^�VÇúª
P(Ak) = P(Ak |A1)P(A1) + P(Ak |Ā1)P(Ā1)
P(Ak) = m−1

n−1
m
n + m

n−1
m

n−1 = m/n.

��y²µ�1kg¥ø§���m�n��k��ü��Ak
n . ¯

�Ak ,1kgÄø¥ø��U5�m«;Ù{k − 1�?¿ü��Ak−1
n−1.

P(Ak) = m ∗ Ak−1
n−1/A

k
n = m/n.
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^�VÇ�O�úª O��A^

b�5��

�Æp�ä;¾�é,«z�(J½Á�(J§�kÒ�5�«©"�

5L«NSk,«¾�N�3½öé,«�ÔkL¯�A.

EXAMPLE (;¾�ä)

®�<+¥,«;¾�u¾Ç´0.1%. k�ÄÉÁ��±�äT;¾§
�O(Ç´90%(k¾��5½Ã¾�Ò5�VÇ).k�<(`)ÄÉÁ�
��5§¯�)kõ�rº(VÇ)�äù�<kT;¾º

)�.

PA =`�¾§B =`�Á�(J�5¶
P(A) = 0.001,P(B|A) = 0.9,P(B|Ā) = 0.1
P(A|B) = 0.001×0.9

0.001×0.9+0.999×0.1 ≈ 0.0089

¾�¾�u�(J�k�U´b�5!
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^�VÇ�O�úª O��A^

Monty Hall n�¯K

Monty Hall: {I>À!
8Ì±<.

¯Kµkn÷�§Ù¥���¡k�ø(ð�).
3$*¯ÀÐ����§Ì±<�m�÷�§

w«Ù¥vkø§¯T*¯ATj±�5�À

J�´UCÀJº

�Yµ[�ATUCÀJ!

VÇ©Ûµj±(�«�U) → IøV
Ç1/3, UC(ü«�U) →IøVÇ2/3

n)5)ºµb�k��÷�§À½��

��§Ì±<�m¤k9998÷�§���
÷�§´ÄUCÀJº

^�VÇ©Ûµb�C = 1, 2, 3L«ð�3
@��,S = 1, 2, 3L«*¯�ÀJ,
H = 1, 2, 3L«Ì±<�m��"
�S = 1,H = 3,
O�VÇP(C = 2|H = 3,S = 1) = 2/3"
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^�VÇ�O�úª O��A^

��

�Ê�á:

P33 SK�. 24,26,28,31
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^�VÇ�O�úª O��A^

Reviewµ£�

Remark (��¯¨)

z±oþÌ�:����VÇÚO&��

e±�þÌ3&��£��"

Ï�µo}=cuiyinglee@163.com
�¦µz±n�þÌ216(VÇÚO�§�¦)

RECALL:

VÇ�.=���m+VÇÆ

O�µ\{úª§¦{úª§

�VÇ§��dúª¶

~f: �é¯K§Ä��n§
�xµ�§b�5��¶

TODAY

^�VÇ�Õá5"

ý¢­.�VÇ�.º

K�Ï�4õ(Õá5) → {z
�.

~fµXÚ�­EÁ�
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Õá5�XÚ Õá5

Õá5�½Â

Definition (ü�¯�Õá)

XJA,B÷vP(AB) = P(A)P(B), ¡¯�A,Bp�Õá"

^�VÇ)ºµXJA,BÕá(P(A) > 0)§KP(B|A) = P(B)"

n): Ø�N¯�(A ∩ B = ∅) Ø�pÕá!

7,¯�ΩÚØ�U¯�∅�?Û¯��pÕá"
XJA,BÕá,KĀ,B�pÕá.

~fµ��fµA =(J�óê¶B =(J�n��ê"¯A,B´
ÄÕáº

�o¡N, �l¡N�fQº
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Õá5�XÚ Õá5

Õá5��ä

EXAMPLE

��füg§¯�A =1�g�1, ¯�B =1�g�6, A�B´�pÕ
á"P¯�C =üg�Ú�7,A�C´Ä�pÕáº

Proof.

P(A = 1,B = 6) = 1
36 = P(A = 1)P(B = 6)

P(A = 1,C = 7) = 1
36 = P(A = 1)P(C = 7)

¯Kµ®�Cu)§A,BÕáíº
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Õá5�XÚ Õá5

õg¯��Õá5

EXAMPLE (^�K�Õá)

�M1üg"¯�A =1�g��¡H, ¯�B =1�g��¡H, ¯
�C =üg�(JØÓ,XJ®�Cu)§¯A,B´Ä�pÕáº

)� P(A|C ) = P(A) = 1/2,P(B|C ) = P(B) = 1/2,
P(AB|C ) = 0 6= P(A|C )P(B|C ).
¯¢þA,B,CüüÕá�n�ØÕá"

Definition (n�¯�Õá)

XJA1,A2, . . . ,An÷v,?�Ù¥k(1 ≤ k ≤ n)�¯
�,kP(Ai1Ai2 · · ·Aik ) = P(Ai1)P(Ai2) · · ·P(Aik ). ¡A1,A2, . . . ,An�pÕ

á"

ngÕáÁ�¶ngÃ�£Ä�º

¤k¯��pÕá→ ?¿ü|¯��pÕá"
n): üü�pÕáØ�½´¤k¯��pÕá"
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Õá5�XÚ XÚ�Á�

XÚ���5

EXAMPLE (XÚ)

XÚkeZ��|¤§XÚ���5d�����5ÚXÚ�(�(�
ä)�Óû½"

Ä�b½µ¤k��´�pÕá�"

ë��ªµ¿é½Gé"

�z����~ó��VÇ�P(Ai ).
VÇúªµGéXÚµP(A1A2 · · ·An) = P(A1)P(A2) · · ·P(An).
¿éP(A1∪A2 · · · ∪An) = 1− (1−P(A1))(1−P(A2) · · · (1−P(An)).

EXAMPLE (�áP29,~4)

2n����±|¤ü�XÚ§'�ü�XÚ���5"
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Õá5�XÚ XÚ�Á�

ÕáÁ����VÇ�.

EXAMPLE (�Ö�Õ×l)

��Ö�Õkc�ÑÖì§z��±?n100����¯�¦§^ráÒ
�n�"XJ�½�mãSz�áÒ�¯�VÇ´p,¯�Õ×l�V
Çº£=ÑÖìØ
^)"

Ä�b½µ¤káÒ�¯´Õá�"

�½�mãS�¯áÒ��êP

�X ,KP(X = k) = C k
n p

k(1− p)n−k

�Õ×l�VÇP =
∑∞

i=100c P(X = i)

ec = 15, n = 20000, p = 0.1 Qº

��¡ng­EÁ�(JÑykg�VÇ���VÇ"
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Õá5�XÚ SK�¦

QUIZ �ÿ��

��µ�Ê�á: P35 SK�. 35,38,39,40

1 �A,B �?¿ü¯�,Ke�'X¤á�k( )
(A) (A+ B)− B = A ;(B) (A+ B)− B = A− B ;
(C) (A− B) + B = A ;(D) (A− B) + B = AB .

2 l0→ 9 ù��êè¥?¿�Ñ4�ü¤�Gêè,KêèT¤
o óê�VÇ�µ£A¤41

90
;£B¤1

2
¶£C¤40

90
¶£D¤32

90

3 �ÝfSCk5�ù¥,15�x¥,l¥Ø�£�10g,zg��
�¥, K15g���´ù¥�VÇ�õ�º

4 �¥Ck?Ò�l�¥,l¥?�3�,K��Òè�óê�V
Ç�õ�º

�Yµ1. B, 2.A , 3 1/5, 4 11/28
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Week 5 : �ÅCþ�lÑ©Ù

1 �ÅCþ

�ÅCþ

©Ù¼ê

��©Ù

2 lÑ�ÅCþ

lÑ©Ù

Ñt©Ù

EÜ©Ù9©Ù�A�
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Reviewµ£�

RECALL:

VÇ�.=���m+VÇÆ

�;�.µ��Ï�K�e�

VÇ�."

E,XÚ(½­EÁ�): éõ
�(Õá)Ï�K�e�VÇ�
.º

TODAY

�ÅCþ�©Ù¼ê¶

��©Ù" Galton box: (bean machine)

ÜgN (BUAA) VÇÚO��ÅL§ October 15, 2010 3 / 20

�ÅCþ �ÅCþ

�ÅCþ�½Â

�o´�ÅCþºrandom variable

��)º: éz����(J�Ñ��(¢)ê�"

êÆ)º¶½Â3�����mþ�¼ê"

é'µ¼ê�gCþ�ÏCþ"

EXAMPLE (ÝM1)

ÝM1ng§���mk8���"Pz�(J¥�¡(H)��ê�X.
X´��ÅCþ"

X��0, 1, 2, 3 ∈ R. Ón�½Â�ÅCþY�z�(J¥�¡��ê"

Definition (½Â:�ÅCþ)

�ÅCþX´½Â3���mΩþ�¢�¼ê:=z����:ω,X (ω)´
�¢ê"Ï~^X ,Y ,Z½ξ, η�L«"

~fµ<N�~N§T =õ��¼Ý"u¼Ý= 18/10c + 32º
ÜgN (BUAA) VÇÚO��ÅL§ October 15, 2010 4 / 20



�ÅCþ �ÅCþ

VÇÆ�=£

Remark (push-back)

�ÅCþÚ�VÇÆ=£�¢êþ"

�x ∈ R, X−1(x) = {ω1, ω2, . . . }.
KP(X = x) =

∑
ωi
P(ωi ), ωi ∈ Ω.

X���lÑ�,¡�lÑ�ÅCþ, VÇÆC¤��VÇS�§¡
�©Ù�¶

X���¹ëY«m, VÇÆQº
5¿:P(X = x0) = 0!§VÇÆC¤��(�Ý)¼ê"

EXAMPLE (<N§Ý)

�~N§3Rþ�k¿ÂL«36.8 ≤ X ≤ 37.2(¯�), VÇO
�µP(36.8 ≤ X ≤ 37.2) = P({ω : 36.8 ≤ X (ω) ≤ 37.2})"
«mv
�º����¼ê"
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�ÅCþ ©Ù¼ê

©Ù¼ê�½Â

lÑ©Ù

ëY©Ù

\È©Ù

Definition (VÇ©Ù¼ê)

�½�ÅCþX§½Â¼ê

F (x) = P(X ≤ x),−∞ ≤ x ≤ +∞

¡F�X�VÇ©Ù¼ê§{¡©Ù¼ê½\È
©Ù¼êCDF"

©Ù¼ê�¿©7�^�µ

0 ≤ F (x) ≤ 1.

F (x)üN�~

F (x)mëY¶***

Ï~�ÅCþéA�
~�©Ù¼ê§��¡

�ÅCþ�,�©Ù"

ÜgN (BUAA) VÇÚO��ÅL§ October 15, 2010 6 / 20

�ÅCþ ©Ù¼ê

�ÅCþ�5)***

�ÅCþØ==´��¼êX : Ω→ R;
�­��´��©Ù¼ê"�±P���C�(Ω,P)→ (R,F )"
¯¢þ©Ù¼ê�­�"

�ÅCþ�¼ê�´�ÅCþ(EÜ¼ê)"Ω→ R→ R
«©©Ù¼ê�±^¼ê�êiA�µÏ"§����"

�ÅCþ©aµlÑ�ÅCþ§�lÑ�ÅCþ(·���==�
ÄÙ¥�ëY�ÅCþ);

ÜgN (BUAA) VÇÚO��ÅL§ October 15, 2010 7 / 20

�ÅCþ ��©Ù

©Ù¼ê��ä

©Ù¼ê�5�

F (−∞) = 0,F (+∞) = 1

P(a ≤ X ≤ b) = F (b)− F (a)

P(X = x) = F (x)− F (x−) ***

EXAMPLE

�F (x) = a + be−x , x ≥ 0, F (x)´Ä�±´,��ÅCþ�©Ù¼êº
AO¦VÇP(X ≤ ln 2).

a = 1, b = −1,P = 1/2
`²µkéõ©Ù¼ê§�~��kA«"
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�ÅCþ ��©Ù

��©Ù

EXAMPLE (ü:©Ù§Bernouli�ã|©Ù)

X���0½1��VÇ©Ù´
P(x = 1) = p,P(X = 0) = 1− p, P�B(1, p).
�.µ�{ü�ÅCþ=�gÁ�´Ä¤õ"

Definition (��©Ù½���ÅCþ)

�ÅCþ����0, 1, 2, . . . ,N,�÷
vP(X = k) = C k

Np
kqN−k , k = 1, 2, . . . ,N, p + q = 1.

¡Ù÷v��©Ù§P�B(N, p).

�.µNgÕáÁ�¥�¤õgê"

¡���©ÙÏ�Ù��÷v��ª½n���"

(p + q)N =
∑

C k
Np

kqN−k ,�4íO�,N¿©��,ICqO�¶

A^µÝ¦���(�
¬|¤); 'm5K(nÛü�,ÊÛn�?)...
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�ÅCþ ��©Ù

A^~f

EXAMPLE (ÄÏ¢D)

�,�)ÔA�(ú«ôÚ§½�§f)d�éÄÏû½"D�w5Ä
Ï§r�Û5ÄÏ"��lI1¥�����ÄÏ"��k��w5Ä
Ï§Ò7,ÑyT)ÔA�"¯�é·Ü.I1(ÄÏ�Dr)�o���
¥kn�kT)ÔA��VÇ´õ�º

)�µ Ñl��B(4, 3/4)§P(X = 3) = C 3
4 (34)3 14 = 27

64 .

EXAMPLE (S�)

��Åþz�Ú����VÇ�Ó�p�p�Õá.XJ���Åþ��
�Ú��~§K�Å�±�~$1"¯p�õ��§^o�Ú���Å
'^ü�Ú�S�º

)�µ o�Ú��~�êÑlB(4, p)§�Å�~�1=X ≥ 2,
P(X ≥ 2) = 1− (1− p)4 − 4p(1− p)3;aqü�Ú��Å�~�
1Y ≥ 1,P(Y ≥ 1) = 1− (1− p)2"O���p ≥ 2/3�§o�Ú���
Å�S�"
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�ÅCþ ��©Ù

�ÅCþ�ûü

EXAMPLE (Ó�ÙRoulette)

{ªÓ�Ùk38�ê�§�{ü�
{Ù��
ê���§�I�35�"¯�gÙ5�Ï"I
aõ�º

)�µ EX = 35 1
38 + (−1)3738 = −1/19 ≈ −0.053
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�ÅCþ ��©Ù

��

�Ê�á:

P60 SK�. 1,4,6,8
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lÑ�ÅCþ lÑ©Ù

½Â

Definition (lÑ�ÅCþ)

�ÅCþ���k�½�ê��§¡�lÑ�ÅCþ"

PÙ��x1.x2, . . . , xk , . . ."
AOPP(X = xk) = pk , k = 1, 2, . . . , P´XéA�VÇ©Ù§¡{pk}�
VÇ©Ù�"

~P�
X x1 x2 x3 ...

P p1 p2 p3 ...

pk ≥ 0,
∑

pk = 1.
5µΩ =

⋃
i{ω|X (ω) = xi}

©Ù¼êF (x)´��¼ê"
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lÑ�ÅCþ lÑ©Ù

NgÕáÁ�¥�©Ù

�.µNgÕáÁ�½Ngk�£Ä\"

��©Ù: X = k ,Á�¥�¤õgê, B(N, p)
X = X1 + X2 + · · ·+ XN ,Ù¥Xi´1igÁ�´Ä¤õ�ü:©Ù"

AÛ©ÙµY = k ,Äg¤õ��Á�gê"
[AÛ©Ù]: �ÅCþ���1, 2, . . . ,∞,�÷
vP(Y = k) = p(1− p)k−1, k = 1, 2, . . . ,∞.

***K��©ÙµY = k,1rg¤õ��Á�gê"NB(r , p)
Y = Y1 + Y2 + · · ·+ Yr , Yi�g¤õ��Á�gê"

[K��©Ù] �ÅCþ���1, 2, . . . ,∞,�÷
vP(Y = k) = C r−1

k−1p
r (1− p)k−r , k = 1, 2, . . . ,∞.

Banach»�Ý¯Kµkü�»�Ý(�kN�)§�ÅÀ���,��uy
��Ýf�
��"¯,	��Ýfkk�»��VÇ"
�Yµ�½��ÝfµY ∼ NB(N + 1, 1/2),Á�gêY = 2N + 1− k .
P(Y = 2N + 1− k) = CN

2N−k(1/2)2N−k+1.
ü�Ýf�VÇ�þ¡ü�"
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lÑ�ÅCþ lÑ©Ù

Ã�£Ä\�©Ù

Definition (�AÛ©Ù)

�ÅCþ���0, 1, 2, . . . , n,�÷vP(X = k) =
C k
MCn−k

N−M

Cn
N

, k = 1, 2, . . . , n;

¡Ù÷v�AÛ©Ù§P�H(n,M,N).

�.µl(N,M)���¥Ä����n,M´N¥AO�a(Xg¬),
Kn¥g¬�êkÑl�AÛ©Ù"AOn = 1, k = 1kÄ\�n!.

***��N,M�,�^��©Ù%C"B(n, p), p = M/N,=k�£�
Ã�£�OØ�"

¢^~fµ�O,/«�,ÄÔoêN"
ÓP�1ÄÔM§�IP�£§L�ã�m§2ÓP�1ÄÔn, Ù
¥kIP��k, |^�AÛ©Ù§�ON"

VÇ�P(X = k) =
C k
MCn−k

N−M

Cn
N
´'uN���S�§

·�¦���éA�N,O�kN = nM/k . ¡���q,�O"
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lÑ�ÅCþ Ñt©Ù

½Â

Definition (Ñt©Ù)

�ÅCþ���0, 1, 2, . . . , k ,∞,÷
vP(X = k) = λk

k! e
−λ, k = 0, 1, 2, . . . ;λ��~

ê. ¡Ù÷vÑt©Ù§P�P(λ).

�.µ�þÁ�¥��VÇ¯�u)gê"

zcu)Ô�(½/�)�gê,,���?\,eÛ���ê¶Æ·
�L100��<ê¶

%C��©Ùµ�n�,p�§npÜ·���§�^λ = np�Ñt©
ÙCqO�"

*** Ñt�~µn��VÇ¯�u)�VÇpi ,¤k¯�p�Õá½
f��§K¯�u)gêÑlλ =

∑
pi�Ñt©Ù"

�é¯KµN�<��gC���gêCqÑlλ = N ∗ 1/N = 1�
Ñt©Ù.
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lÑ�ÅCþ Ñt©Ù

A^~f

(¯�u)) �,p�ú´ãzUu)¯��gêÑlλ = 3�Ñt
©Ù§¦8UØu)¯��VÇ"

)�µ P(X = 0) = e−3 ≈ 0.05.
(<M�Ø)�,�Ö?��k<M�Ø�gêÑlλ = 1�Ñt©
Ù§¦,��Ñy�����Ø�VÇ

)�µ P(X ≥ 1) = 1− P(X = 0) = 1− e−1 ≈ 0.633

EXAMPLE ()F¯K***)

?¿ü�<)F�Ó�¯�´�VÇ§f���¶�u)¯��gêÑ

lλ = C 2
n

1
365�Ñt©Ù§¦n�<p��ü�<Ó)F�VÇ"

)�µ �gÁ��?Àü�<�Ó�U)F¶p = 1/365, Á�gê(?
Àü�<)C 2

n . Ñyü�<)F�ÓgêXÑlÑt©Ù"
kP(X ≥ 1) = 1− P(X = 0) = 1− e−λ

XJ�¦P(X ≥ 1) > 0.5,=e−n(n−1)/730 ≥ 0.5; O�kn ≥ 23.
õ�<¥kn�<)F�Óºλ = C 3

n ( 1
365)2.
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lÑ�ÅCþ EÜ©Ù9©Ù�A�

EÜ¼ê�©Ù

�E#�©Ùµg(X )

�X´�ÅCþ,g´R → R�¼ê, Y = g(X ) : Ω→ R → R§Y´
�ÅCþ¶

lÑ©Ù: p0, p1, p2 . . .
~f: Y = X 2, Y = 4→ X = ±2,
P(Y = 4) = P(g−1(4)) = P(X = 2) + P(X = −2);
ë�1oÙ~1.
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lÑ�ÅCþ EÜ©Ù9©Ù�A�

©Ù�A�: Ï"expectation

Definition (lÑ�ÅCþÏ")

�lÑ�ÅCþX�VÇ©Ù��pi ,�
∑+∞

i=0 |xi |pi < +∞,
¡EX =

∑+∞
i=0 xipi�X�Ï"(�).

�ÅCþ�²þA�µq¡þ�(VÇ\�²þ);

Ï"�UÃ¡§k����ÅCþkk�Ï"¶

��f�Ï"�´EX = (1 + 2 + 3 + 4 + 5 + 6)/6 = 3.5

~�lÑ©Ù�Ï"¶

ü:©Ù(�ã|©Ù) EX = p

��©ÙB(N, p)§EX = np

Ñt©ÙP(λ),EX = λ

AÛ©ÙEX = 1/p;

�AÛ©ÙH(n,M,N),EX = nM/N.
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lÑ�ÅCþ EÜ©Ù9©Ù�A�

��

�Ê�á:

P60 SK�. 12§13§14§18
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Week 6 : ëY�ÅCþ9©ÙA�

1 ëY�ÅCþ

½Â

~�ëY©Ù

O��¢~

2 ©Ù�A��EÜ

��©Ù

EÜ©Ù

Ï"���
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Reviewµ£�

RECALL:

�ÅCþ�©Ù¼ê

lÑ©Ùµü:©Ù§��©

Ù§AÛ©Ù§Ñt©Ù¶

¯Kµ

�AÛ©Ù�Ä�gSÃ

'"(Ä\�n)
Ñt©Ù%C: )F¯K�Á
�gêº

TODAY

ëY�ÅCþµ

~�ëY©Ùµ

��©Ù, pd©Ù§Bell­�(¨.
­�),

ÜgN (BUAA) VÇÚO��ÅL§ October 22, 2010 3 / 19

ëY�ÅCþ ½Â

ëY�ÅCþ�½Â

llÑ�ëY

���mµk�(½�ê) → Ø�ê(��´«m)

VÇÆµVÇ©Ù�pi → VÇ�Ý¼êf (x)
pi = P(X = xi ); P(x ≤ X ≤ x + δ) ∼ f (x)δ

~fµ�q��ê:X = 10, 9, 8, ..., [0, 10].

Definition (ëY�ÅCþ)

�ÅCþX���¢ê¥«m�§XJ�3�K¼êf (x),¦�?

¿−∞ ≤ a < b ≤ ∞, kP(a < X ≤ b) =
∫ b
a f (x)dx, ¡X�(ýé)ëY�

ÅCþ"AO¡f (x)´X�VÇ�Ý¼êprobability density"

5�µ

�Ý¼ê�¿©7�^�µ0 ≤ f (x),
∫∞
−∞ f (x)dx = 1.

©Ù¼ê��Ý¼êF ′(x) = f (x)(Øk�:).
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ëY�ÅCþ ~�ëY©Ù

þ!©Ù

Definition (uniform ©Ù)

XJëY�ÅCþX��Ý¼ê÷v§f (x) = 1
b−a , x ∈ (a, b), f (x) = 0,

Ù¦�/"P�X ∼ U(a, , b).
AO¡I(a,b) = 1, x ∈ (a, b)�«5¼ê, f (x) = 1

b−a I(a,b)

�.: ��U¯��í2. AOk©ãþ!¼ê(lÑ{z: ü:©Ù)

EXAMPLE (�Å��)

�,´ú��l5:m©z�Ê©¨u�¶b���<38:�8:30�m
�Å���Õ§¯(a) ¦�ÿ�m�u5©¨�VÇ(b)¦�ÿ�m�
u10©¨�VÇ"

)� ����mXÑlþ!©ÙU(0, 30)¶(a)

P = P(10 < X < 15) + P(25 < X < 30) =
∫ 15

10
1

30dx +
∫ 30

25
1

30dx = 1/3
(b)aqP = P(0 < X < 5) + P(15 < X < 20) = 1/3

ÜgN (BUAA) VÇÚO��ÅL§ October 22, 2010 5 / 19

ëY�ÅCþ ~�ëY©Ù

��©Ù

Definition (��©Ù,pd©Ù§Bell­
�Normal)

XJëY�ÅCþX��Ý¼ê÷v§

f (x) = 1√
2πσ2

e−
(x−µ)2

2σ2 , x ∈ R,¡XÑlëê

�(µ, σ)���©Ù"P�X ∼ N(µ, σ2).
AO¡N(0, 1)�IO��©Ù"P�Ý¼ê
�Φ(x).

��©Ù�%C: n¿©���^��©ÙCqO�"
Demoivre-Laplace ½nµB(n, p)→ N(np, np(1− p))

�.µ�þÔn½)Ôêâ�A��I

pd©Ù:ïÄÿþØ��©Ù¶IQ©ê§¤1¶

AOµL«²þ�§σL«�É��¶
f (x)'ux = µé¡§f (µ) = 1/(

√
2πσ2)��;
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ëY�ÅCþ ~�ëY©Ù

�ê©Ù

Definition (�ê©Ù)

XJëY�ÅCþX��Ý¼ê÷
v§f (x) = λe−λx , x ≥ 0, f (x) = 0, Ù¦�/"
P�X ∼ ε(λ).

F (α) = 1− e−λα, α ≥ 0;
AÛ©Ù��ê©Ù: Fgeom(N) = 1− (1− p)N ∼ F (Nδ)

�.µ�VÇ¯��m�m��m(���m);
e�gaqfA/�u)��m¶<½Åì�Æ·¶üè�m¶

(½n) �ê©Ù�Ã��5µP(X > s + t|X > s) = P(X > t)

üè��VÇ:�kü�I�§ü�<�3�n§z�<��n�
mÑl�ê©Ùε(λ), �\´e��§K\�����VÇ´1/2.

ÜgN (BUAA) VÇÚO��ÅL§ October 22, 2010 7 / 19

ëY�ÅCþ ~�ëY©Ù

Ù¦ëY©Ù

Γ(α, β)©Ù: αg¤õ����m"
Γ(n, β) = ε1(β) + ε2(β) + . . . .
lÑ�.µK��©Ù"

Weibull©Ù: �f�!�Æ·(��5) F (x) = 1− e−(x/η)β .

Beta©Ùµf (x) = 1
β(a,b)x

a−1(1− x)b−1, 0 < x < 1

β(a, b) = Γ(a)Γ(b)
Γa+b .

Ù¦EÜ�ÅCþ�©Ù: éê��©Ù, ...
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ëY�ÅCþ O��¢~

�Ý¼ê��ä

�Ý¼ê�5�

f (x) ≥ 0,
∫∞
−∞ f (x)dx = 1

F (x) =
∫ x
−∞ f (t)dt

EXAMPLE

�f (x) = a sin x , π ≥ x ≥ 0, f (x)´Ä�±´,��ÅCþ��Ý¼êº
AO¦Ù©Ù¼ê.

a = 1/2
F (x) = 1/2(1− cos x), 0 ≤ x < π.

ÜgN (BUAA) VÇÚO��ÅL§ October 22, 2010 9 / 19

ëY�ÅCþ O��¢~

�ê©Ù���¼ê

Definition (��¼ê:��Ç§k�Ç)

½Âλ(t) = f (t)
1−F (t)�©ÙF���¼ê"

5Pµ )ºµÆ·��t���3dtS���VÇ.
�ê©Ù���¼ê�λ,¡�k�Ç"�����¼êû½��©Ù"

EXAMPLE (áë�Æ·)

����<�Æ·÷vk�Ç�λ��ê©Ù"ïÄ`²áëö�k�
Ç´�áëö�ü�"���Øáë�50�<��~k�Ç�1/30,K
Ó#�áëök�Ç�1/15. O�ü�<¹�60��VÇ"

)�µ P(X > 10) = 1− FX (10) = e−1/3 ≈ 0.71
P(Y > 10) = 1− FY (10) = e−2/3 ≈ 0.51.
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ëY�ÅCþ O��¢~

IO��©Ù9© ê

��©Ù��5C

�µX ∼ N(0, 1),Y = σX + µ ∼ N(µ, σ2)

��©Ù���©Ù:µ± σ, 68.27%,
µ± 2σ, 95.45%, µ± 3σ, 99.73%,
P(|X − µ| ≤ 6σ) = 99.99999980%; 8Ü�
ç+n!

��©ÙLµZ = X−µ
σ ∼ N(0, 1).

AOkzα¡�α© ê:÷
vP(Z ≤ zα) = α, 0 ≤ α ≤ 1.

A^(�Á¤1)µ F"��Ð��Á¤1´��©Ù,�¤1©a
�A,B,C ,D,F , �±�¤1Xe: A = {X > µ+ σ}, 15.67%,
B = {µ < X < µ+ σ}, 34.13%,C = {µ− σ < X < µ}, 34.13%
D = {µ− 2σ < X < µ− σ}, 13.59%, F = {X < µ− 2σ}, 2.28%.
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ëY�ÅCþ O��¢~

��

�Ê�á:

P60 SK�. 20,23,27,33
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©Ù�A��EÜ ��©Ù

IO��©Ù

Remark (IO��©Ù)

N(0, 1)�IO��©Ù,�Ý¼ê÷v§f (x) = 1√
2π
exp−

x2

2 , x ∈ R,

AOP©Ù¼ê�Φ(x) = 1√
2π

∫ x
−∞ e−t

2/2dt.

(Øµ
∫∞
−∞ e−t

2/2dt =
√

2π.

�Ý¼ê5�: 'u0:é¡§0:��§ü>üN"

©Ù¼ê5�: Φ(0) = 1/2,Φ(−x) = 1− Φ(x).

© ê:: Φ(−1.96) = 0.025,Φ(−1.645) = 0.05
P(X > z1−α) = α, P(|X | > z1−α/2) = α

3σ,6σ+n�VÇµX ∼ N(µ, σ2).
KP(µ− 3σ ≤ X ≤ µ+ 3σ) = Φ(3)− Φ(−3) = 2Φ(3)− 1 = 0.9974.
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©Ù�A��EÜ ��©Ù

��©Ù�&ÒDÑ

Remark

��b�DÑÑl��©ÙN(0, σ2)(�Ù¦�ÅCþÕá)"

EXAMPLE (&ÒDÑ)

b�DÑ�?�&Ò0, 1, ux&Ò�s,�Â&Ò�R, duk�ÅD
ÑN ∼ N(0, 1)K�, ��R = s + N"XJ&Ò´1,uxs = 2§&Ò
´0§uxs = −2"�½�Â&Ò��ä{KµR ≥ 0.5,s∗ = 1,
R < 0.5, s∗ = 0. ¦T{K��ØVÇ"

)�:.

üa�Ø: &Ò�0,�ä�1, &Ò�1,�ä�0. =P(s∗ = 1|s = −2) =
P(R ≥ 0.5) = P(−2 + N > 0.5) = Φ(−2.5) ≈ 0.062,
aqkP(s∗ = 0|s = 2) = P(R < −1.5) = Φ(−1.5) ≈ 0.0668.
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©Ù�A��EÜ EÜ©Ù

EÜ¼ê�©Ù

®�X�©Ù§¯Y = g(X )�©Ù¶

g´R → R�¼ê¶Y : Ω→ R → R§Y´�ÅCþ¶

lÑ©Ù: ¦��"~fY = X 2,Y = 4→ X = ±2,
P(Y = 4) = P(g−1(4)) = P(X = 2) + P(X = −2);

ëY©Ùµ©Ù¼ê¦��F (y) = F (g(x));
P(g(X ) ≤ y) ∼?P(X ≤ g−1(y))

EXAMPLE (��©Ù��5C�)

�X ∼ N(0, 1),KY = σX + µÑlN(µ, σ2)"

EXAMPLE (χ2©Ù)

�X ∼ N(0, 1),KY = X 2Ñlχ2©Ù"fY (y) = 1√
2π
y−1/2e−y/2.
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©Ù�A��EÜ EÜ©Ù

EÜ¼ê��Ý¼ê

Theorem (EÜ¼ê��Ý¼ê)

�X��Ý¼êf (x),Y = g(X );Y������D, é?¿y ∈ D, �Ù�
��±�¤k�:(=](g−1(y))k�).z���±�¤��_¼
êhi (y) = xi ; KY��Ý¼ê�fY (y) =

∑n
i=1 f (hi (y))|h′i (y)|"

5Pµë��á4.2!½n1.í2�©ãüN¼ê=�"

A~y²:

b�g(x)´î�üNO�(7,k����),�_¼êh(y).
Fy (y) = P(Y ≤ y) = P(g(X ) ≤ y) = P(x ≤ h(y)) = Fx(h(y)),
ü>¦�êkfy (y) = fx(h(y))h′(y).

~f: X ∼ N(0, 1),Y = X 2.
z��ykü���§�±½Âü�_¼êh1 =

√
y , h2 = −√y ; O�

kfY (y) = Φ(h1(y))|h′1(y)|+ Φ(h2(y))|h′2(y)| = e−y/2
√

2πy
.
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©Ù�A��EÜ Ï"���

�ÅCþ�A�

��©Ù�A�N(µ, σ2): µL«²þ�§σL«�É��"

Definition (ëY�ÅCþÏ")

�ëY�ÅCþX��Ý¼ê�f (x),�
∫ +∞
i=−∞ |x |f (x)dx < +∞,

¡EX =
∫ +∞
−∞ xf (x)dx�X�Ï"(�).

5µlÑ�ÅCþµEX =
∑+∞

i=0 xipi¶
lÑ�ëYµEX =

∑
xP(x ≤ X ≤ x + dx) ≈

∑
x(f (x)dx)

Definition (��)

��ÅCþX�Ï"EX = µk�, K¡Var(X ) = E (X − µ)2�X��
�.qP�DX.

�±�y: EX = µ,Var(X ) = σ2. 5µ�kÙ¦A�,ë�1ÊÙ"
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©Ù�A��EÜ Ï"���

~��ÅCþ�Ï"���

~�lÑ©Ù¶

ü:©Ù§Bernouli�ã|©ÙEX = p,VarX = pq

��©ÙB(N, p)§EX = np,VarX = npq

Ñt©ÙP(λ),EX = λ,VarX = λ

AÛ©ÙEX = 1/p,VarX = q/p2;

~�ëY©Ùµ

þ!©ÙU(a, , b),EX = a+b
2 ,VarX = (b−a)2

12 ;

�ê©Ùε(λ), EX = 1/λ,VarX = 1/λ2;
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©Ù�A��EÜ Ï"���

��

�Ê�á:

P60 SK�. 35, 37
P120 SKo. 7,13
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Week 7 : �Å�þ9Ù©Ù

1 �Å�þ

½Â

éÜ©Ù�>�©Ù

O��¢~

2 ^�©Ù�Õá5

^�©Ù

O��~f

Õá�ÅCþ
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Reviewµ£�

RECALL:

�ÅCþ�©Ù¼ê

~�lÑ©Ùµü:©Ù§�

�©Ù§AÛ©Ù§Ñt©

Ù¶

~�ëY©Ùµþ!©Ù§�

�©Ù§�ê©Ù¶

©Ù�A��EÜµ

TODAY

�Å�þµ

~���©Ùµ

����©Ù(pd©Ù)
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�Å�þ ½Â

�Å�þ�½Â

Definition (�Å�þ)

�Å�þ~X´½Â3���mΩþ�¢�õ�¼ê:=z����
:ω,~X (ω)´��þ"Ï~^~X , ~Y , ~Z½~ξ, ~η�L«"

Pn´�þ��êµ���	���þ§P�~X = (X ,Y ).

EXAMPLE (�N�I)

~I = (H,W )"H´�p(m)§W´N­(kg)¶b�H,W���©Ù¶�
NG¹´No��º�p�N­�'XºBMI�I= W /H2

"

EXAMPLE (õ�©Ù)

��fng§(J�±�(1− 6),PÙ¥�Xi = ni�(J�i�gê¶
K~X = (X1,X2, . . . ,X6)´8��Å�þ,Ù©Ù�
P(X1 = n1,X2 = n2, . . . ,X6 = n6) = n!

n1!n2!...n6!
pn11 . . . pn66 . Ù¥

∑
ni = n.

���¡�õ�©Ù"(***>�©Ù´��©Ù)
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�Å�þ éÜ©Ù�>�©Ù

éÜ©Ù¼ê

Definition (éÜ\È©Ù)

�½���Å�þ(X ,Y ),½
ÂF (x , y) = P(X ≤ x) ∩ P(Y ≤ y) = P(X ≤ x ,Y ≤ y)"¡��Å�
þ(X ,Y )�©Ù¼ê§½�ÅCþX ,Y�éÜ©Ù"

***©Ù¼ê�±û½?¿¯�(8Ü)�VÇP({(x , y) ∈ D})"(ÿ
ÝØ)

©Ù¼ê�¿©7�^�µ
1 0 ≤ F (x , y) ≤ 1.F (x ,−∞) = F (−∞, y) = F (−∞,−∞) =

0,F (+∞,+∞) = 1.
2 F (x , y)éx½yüN�~
3 F (x , y)éx½ymëY¶***
4 ?¿x1 < x2, y1 < y2§
kF (x2, y2) + F (x1, y1)− F (x1, y2)− F (x2, y1) ≥ 0.

©aµ��lÑ�Å�þ§��ëY�Å�þ§·Ü.�Å�þ¶
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�Å�þ éÜ©Ù�>�©Ù

��lÑ©Ù

Definition (��©ÙÝ
)

�½(X ,Y )���ÅCþ§���õ�ê¶Ppi ,j = P(X = xi ,Y = yj),
¡pi ,j���lÑ©Ù(Ý
)¶

∑
i

∑
j pi ,j = 1.

EXAMPLE (<�N�)

���[Ì�õn��¯§X = i ,Y = jéAI¯�å¯��ê"©Ù

Xeµ

i : j 0 1 2 3 pi
0 0.15 0.10 0.0875 0.0375 0.375
1 0.10 0.175 0.1125 0 0.3875
2 0.0875 0.1125 0 0 0.2
3 0.0375 0 0 0 0.0375

qj 0.375 0.3875 0.2 0.0375 1

5¿: -pi =
∑

j pi ,j , qj =
∑

i pi ,j�Ý
�1Ú��Ú¶

K
∑

pi =
∑

qi = 1 ¡�>�©Ù!
ÜgN (BUAA) VÇÚO��ÅL§ October 29, 2010 6 / 20

�Å�þ éÜ©Ù�>�©Ù

��ëY©Ù

Definition (��ëY�Å�þ)

�½(X ,Y )���ÅCþ§XJ�3���K�È¼êf (x , y)¦�§?
¿«�D§kP((X ,Y ) ∈ D) =

∫∫
D f (x , y)dxdy,¡(X ,Y )´ëY�Å�

þ"f (x , y)¡�éÜ�Ý¼ê"AO:
∫∫

R2 f (x , y)dxdy = 1.

©Ù¼êF (x , y) =
∫ y
−∞

∫ x
−∞ f (x , y)dxdy .

½n: ëY���éÜ©Ù¼êkéÜ�Ý¼ê§¤±´ëY�Å
�þ"= ∂2F

∂x∂y = f (x , y).

þ!©Ù: f (x , y) = 1
Area(D) , (x , y) ∈ D.

�¬¯K: ü�<�½�¡"b�3���S�Å��§¦1��
<��©¨±þ�VÇ"

)�µ

P(X + 10 < Y ) =
∫
D f (x , y)dxdy =

∫ 50
0 dx

∫ y
x+10(1/60)2dy = 25/36
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�Å�þ éÜ©Ù�>�©Ù

����©Ùbivariate normal distribution

EXAMPLE (����©Ù)

�½(X ,Y )���ÅCþ§¡��§N(µ1, σ
2
1;µ2, σ

2
2, ρ)�����©

Ù§

XJÙVÇ�Ý¼ê´µ

f (x , y) = 1

2πσ1σ2
√

1−ρ2
exp{− 1

2(1−ρ2) [ (x−µ1)
2

σ2
1
− 2ρ(x−µ1)(y−µ2)

σ1σ2
+ (y−µ2)2

σ2
2

]}

ëêµ1, µ2´þ�§σ1, σ2´�É§

ρ´�'Xê"|ρ| ≤ 1.
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�Å�þ éÜ©Ù�>�©Ù

>�©Ù

Definition (>�©Ù¼ê)

�½���Å�þ9Ù©Ù¼êF (x , y), �±��X ,Y´�ÅCþ§Ù
©Ù¼êFX (x) = F (x ,∞),FY (y) = F (∞, y). ¡�>�©Ù¼ê"

�Å�þ�Ý����I�ÅCþ: éA�©Ù¼ê=>�©Ù"

lÑ�/: >�©Ù�=Ý
�1Ú½�Ú"

ëY�/: �3éA�>��Ý¼êfX (x) =
∫∞
−∞ f (x , y)dy ,

fY (y) =
∫∞
−∞ f (x , y)dx .

éÜ©Ùû½>�©Ù§��ØU"
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�Å�þ O��¢~

©Ù¼ê�O�

EXAMPLE (P70 ~2)

f (x , y) = ae−2y , 0 ≤ x ≤ 2, y > 0.

(½~êa.

¦©Ù¼êF (x , y).

¦VÇP(|Y | ≤ X ).

¦X ,Y�>�©Ù¼ê;

¦X ,Y�>��Ý¼ê¶
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�Å�þ O��¢~

>�©Ù�éÜ©Ù

Proposition

(��)��©Ù�>�©Ù�´��©Ù"
�(X ,Y ) ∼ N(µ1, σ

2
1;µ2, σ

2
2, ρ),K>�©ÙX ∼ N(µ1, σ

2
1),

Y ∼ N(µ2, σ
2
2)"

5µ��¦È©��"

>�©ÙØU��éÜ©Ù(ρ =?).

���éÜ©Ù�>�©Ù�a.Ø�½��"

��þ�þ!©Ù�>�©ÙØ´þ!©Ù"

XÛ|^>�©Ù��éÜ©Ùº^�©Ù½Õá5!
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�Å�þ O��¢~

��

�Ê�á:

P90 SKn. 2,4,13,15
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�Å�þ O��¢~

Reviewµ£�

RECALL:

�Å�þ�éÜ©Ù¼ê

lÑ©ÙÝ
§ëY©Ù�

Ý¶

~��Å�þ©Ùµõ�©

Ù§þ!©Ù§��©Ù¶

>�©Ù9>��Ý¼ê¶

TODAY

^�©Ù9O�¶

�ÅCþ�Õá5¶

����©Ù(pd©Ù)
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^�©Ù�Õá5 ^�©Ù

^�VÇ��ÅCþ

^�VÇúªµP(B|A) = P(AB)
P(A)

*** 'u¯�A��ÅCþ^�VÇú
ªµP(X ∈ B|A) = P(X∈B∩A)

P(A) .

(^�)�ÅCþ: P(X ∈ B|A) =
∫
A∩B f (x)dx

P(A) . AO�Ý¼

êfX |A = f (x)/P(X ∈ A).
***kaq�VÇúª��ÅCþ�Ý©)úª"

'u�ÅCþY�^�VÇúªµP(X = x |Y = y) =?

P(X = x |Y = y) = P(X=x ,Y=y)
P(Y=y) .

`²µF"þ¡éu?¿x , yÑ¤á¶
¯K: ëY�/P(X = x) = P(Y = y) = 0.
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^�©Ù�Õá5 ^�©Ù

^�©ÙµlÑ�/µ

Definition (lÑ^�©Ù)

�½(X ,Y )��lÑ�ÅCþ§Ppi ,j = P(X = xi ,Y = yj),
Pp.j =

∑
i pi ,j ,pi . =

∑
j pi ,j , KP(X = xi |Y = yj) = pi ,j/p.j ,¡�^

�Y = yje�^�©ÙÆ"aqk^�X = xie�^�©ÙÆ"

EXAMPLE (<�N�)

���[Ì�õn��¯§X = i ,Y = jéAI¯�å¯��ê"©Ù

Xeµ

i : j 0 1 2 3 pi .
0 0.15 0.10 0.0875 0.0375 0.375
1 0.10 0.175 0.1125 0 0.3875
2 0.0875 0.1125 0 0 0.2
3 0.0375 0 0 0 0.0375

p.j 0.375 0.3875 0.2 0.0375 1

k��å¯�[Ì�I¯©ÙÆµP(X = i |Y = 1) = pi1/p.1
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^�©Ù�Õá5 ^�©Ù

^�©ÙµëY�/

�(X ,Y )´ëY����Å�þ§�Ý¼ê�f (x , y).

ÛÜ%CµP(x ≤ X ≤ x + δ, y ≤ Y ≤ y + δ) ≈ f (x , y)δ2

>�©Ù: P(y ≤ Y ≤ y + δ) ≈ fY (y)δ

^�©ÙµP(x ≤ X ≤ x + δ|y ≤ Y ≤ y + δ) ≈ f (x ,y)
fY (y) δ

Definition (ëY^�©Ù)

�½(X ,Y )ëY���Å�þ§�Ý¼êf (x , y).
KfX |Y (x) = f (x , y)/fY (y),¡�^�Y = ye�^�VÇ�Ý"
éAk^�©Ù¼êFX |Y (x) =

∫ x
−∞ f (u, y)du/fY (y).

k¦{úªf (x , y) = fX |Y (x)fY (y)§�±í2�õ��ÅCþ"
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^�©Ù�Õá5 O��~f

ëY��©Ù�~f

EXAMPLE (��þþ!©Ù)

®���þþ!©Ù�VÇ�Ý�f (x , y) = 1/(πR2), x2 + y2 ≤ R2.
K>��ÝfY (y) = 2

πR2

√
R2 − y2, |y | ≤ R.

^��Ý¼êfX |Y (x) = 1

2
√

R2−y2
, |x | ≤

√
R2 − y2.

(Øµ>�©Ù�þ!©Ù�^�©Ù´þ!©Ù(�«m)"

Proposition (��©Ù�>��^�©Ù)

(��)��©Ù�>�©Ù�´��©Ù"
�(X ,Y ) ∼ N(µ1, σ

2
1;µ2, σ

2
2, ρ),K>�©ÙX ∼ N(µ1, σ

2
1),

Y ∼ N(µ2, σ
2
2)"AO^�©Ù�´��©

Ù"X |Y ∼ N(µ1 + ρσ1/σ2(y − µ2), (σ1
√

1− ρ2)2).

f (x , y) = 1

2πσ1σ2
√

1−ρ2
exp{− 1

2(1−ρ2) [ (x−µ1)
2

σ2
1
− 2ρ(x−µ1)(y−µ2)

σ1σ2
+ (y−µ2)2

σ2
2

]}
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^�©Ù�Õá5 Õá�ÅCþ

Õá5

Definition (Õá5)

�ÅCþX ,Y¡�Õá�§XJ?¿x , y,¯�{X ≤ x}�{Y ≤ y}´Õ
á�"=P(X ≤ x ,Y ≤ y) = P(X ≤ x)P(Y ≤ y). �±í2�n��Å
Cþ§¡�ÕáS�"

X ,Y�pÕá�duF (x , y) = FX (x)FY (y)�d
uf (x , y) = fX (x)fY (y)�dupij = Pi .p.j . ���§�Å�þ����I
©þÕá�±��{z�éÜ©Ù¼ê"

Theorem (Õá�5�)

~ê�?��ÅCþÕá¶

X ,YÕá§K?¿¯�X ∈ A�Y ∈ BÑÕá¶

X ,YÕá§?¿¼êU = g(X ),V = f (Y ),KU,V´p�Õá�¶

����©Ù��I�ÅCþ�pÕá�¿�^�ρ = 0.

ÜgN (BUAA) VÇÚO��ÅL§ October 29, 2010 18 / 20

^�©Ù�Õá5 Õá�ÅCþ

***ëY��díä

Remark (*ÿþíÿ)

�ÅCþX´��Cþ§Y´*ÿ���ÅCþ§íäX�&Eº��
dúª: fX |Y =

fX fY |X
fY

.

EXAMPLE (&Òuÿ)

b��©&ÒS = 0, 1, P(S = 1) = p,P(S = 0) = 1− p = q. uÿ�&
Ò�R, É�ÅDÑN ∼ N(0, 1)K�, ��R = S + N"XJ*ÿ
�R = y,¯S = 1�VÇº

5¿:�K�·Ü.�Å�þ"Ù¥>�©Ù�^lÑ�¦Ú��"
P(S = 1|R = y) = P(R=y |S=1)P(S=1)

P(R=y) = pey

pey+(1−p)e−y

w,�y���§S = 1�VÇ��"
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^�©Ù�Õá5 Õá�ÅCþ

��

�Ê�á:

P90 SKn. 12§17§20,25
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Week 8 : �Å�þ�¼ê9Ù©Ù

1 �Å�þ�¼ê

EÜ�ÅCþ

���Å�þ�EÜ¼ê

4�4�(gS)�ÅCþ

2 Õá�ÅCþ�EÜ¼ê

�ÅCþ�Ú

O��~f

�ÿ�
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Reviewµ£�

RECALL:

�Å�þ9Ù©Ù

>�©Ù�^�©Ù;

~�©Ùµþ!©Ù����

�©Ù¶

Õá5¶

TODAY

�Å�þ�¼ê¶

~����Å�þ¼ê�©

Ù¶

����©Ù(pd©Ù)
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�Å�þ�¼ê EÜ�ÅCþ

�Å�þ�¼ê

Remark (�Å�þ�¼ê)

�Å�þ~X´½Â3���mΩþ�¢�N��þ¼ê§g : Rn → R�¢
�¼ê§PY = g(~X ),KY´½Â3Ωþ����ÅCþ"���	��
�þ§P�Z = g(x , y).

~f(�N�I):H´�p(m)§W´N­(kg). b�(H,W )�����©
Ù, KBMI�I= W /H2 ´���ÅCþ(©Ù´�oº)

��E,g���©Ù¼ê'�E,¶·�='%{ü�/½©Ù
¼ê�A�¶

A^: ��L§(�ÅCþ¦Ú); ���.(�ÅCþ�4��)¶ò
´�.(�ÅCþ4��);
O�: FZ (z) = P(g(x , y ≤ z)) =

∫ ∫
g(x ,y)≤z f (x , y)dxdy

aq�­È©�\gÈ©�{: FZ (z) =
∫ z
−∞

∫
g(x ,y)=u f (x , y)dl (�

¡´­�È©). ***5
u��C�U = g1(X ,Y ),V = g2(X ,Y ),é
Au�­È©��IC�úª"
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�Å�þ�¼ê ���Å�þ�EÜ¼ê

lÑ�Å�þ�C�

���/: Z = g(X ), pZ (z) =
∑

g(x)=z p(x).

���/µpZ (z) =
∑

g(x ,y)=z p(x , y). ÷­�g(x , y) =~ê§¦

Ú"(�p�!)

EXAMPLE (Ñt©Ù¦Ú:~3)

�X ∼ P(λ1),Y ∼ P(λ2), KZ = X + YÑlP(λ1 + λ2).

5): ü���L§�Ú=éArÝ��\�����L§"

ÜgN (BUAA) VÇÚO��ÅL§ November 5, 2010 5 / 16

�Å�þ�¼ê ���Å�þ�EÜ¼ê

��ëY�/

���/:

Theorem (EÜ¼ê��Ý¼ê)

�X��Ý¼êf (x),Y = g(X );Y������D, é?¿y ∈ D, �Ù�
��±�¤k�:(=](g−1(y))k�).z���±�¤��_¼
êhi (y) = xi ; KY��Ý¼ê�fY (y) =

∑n
i=1 f (hi (y))|h′i (y)|"

5Pµ��/3z�üN«mSk��_¼ê"

)���:P121. 13

���/µFZ (z) =
∫ ∫

g(x ,y)≤z f (x , y)dxdy . ÷­�g(x , y) =~ê§

¦È©"

AO/µ>�©Ù�ÝZ1 = X , fZ1(z) =
∫∞
−∞ f (z , y)dy .

Z2 = Y , fZ2(z) =
∫∞
−∞ f (x , z)dx .

���k***FZ (z) =
∫ z
−∞

∫
g(x ,y)=u f (x , y)dl

ÜgN (BUAA) VÇÚO��ÅL§ November 5, 2010 6 / 16

�Å�þ�¼ê ���Å�þ�EÜ¼ê

�ÅCþ�Ú��

�ÅCþ�Ú: Z = X + Y , �(X ,Y )éÜ©Ù�Ý�f (x , y),
KP(Z ≤ z) =

∫
X+Y≤z f (x , y)dxdy

úª1µfZ (z) =
∫∞
−∞ f (x , z − x)dx¶

úª2µfZ (z) =
∫
x+y=z f (x , y)dy ÷��È©"

AOX ,YÕákfZ (z) =
∫∞
−∞ fX (x)fY (z − x)dx

Ï~¡�ªm>�òÈfX (x) ∗ fY (y).

~f: X ,Y�Õá�þ!©Ù§KZ = X + Y´n�©Ù"(ë�&
Ò?n).

EXAMPLE (�¬¯K: �ÅCþ��)

�ü�<�½l:�¡§z<´���mÑl�ê©Ùε(λ). �´��
m�pÕá§¦Z = X − Y�©Ù¼ê"

�Y: ©Ù�Ý¼êfZ (z) = λ
2 e
−λ|z|§¡�V>�ê©Ù"
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�Å�þ�¼ê ���Å�þ�EÜ¼ê

**�ÅCþ�¦�Ø

�(X ,Y )éÜ©Ù�Ý�f (x , y),

Z = XY , KfXY =
∫∞
−∞

1
|x | f (x , z/x)dx

Z = Y /X , KfY /X =
∫∞
−∞ |x |f (x , xz)dx

AOXJY > 0,KlogY´�ÅCþ"~�kéê��©
ÙlogY = X ∼ N(µ, σ2).
±þ¦Øúª�±^\~{�O"

Remark (VgEÛ)

����Å�þ�kéõEÜ¼ê(l
�Ñéõ�ÅCþ)"þ¡�Å
Cþ�\~¦Ø´µ·�rEÜ¼ê����ÅCþw¤(�I)>��
ÅCþ�$��(J"���>�©Ù¿ØU��EÜ¼ê����Å

Cþ�©Ù¼ê!!!
A^¥·��Äéõ�ÅCþ�'X(9$�)§Kb½ØÓ�ÅCþ�
Õá5´k^�§$�7L�"
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�Å�þ�¼ê 4�4�(gS)�ÅCþ

4�4��ÅCþ

Definition (�ÅCþüS)

®�X1,X2, . . . ,Xn, �±üS
�X(1) ≤ X(2) ≤ · · · ≤ X(n),¡X(i), 1 ≤ i ≤ n�gSÚOþ"

�Xi´ÕáÓ©Ù�¶©Ù¼ê�F (x);

��(4�)�©ÙFmax(x) = P(X1 ≤ x ,X2 ≤ x , . . . ,Xn ≤ x) =
P(X1 ≤ x)P(X2 ≤ x) . . .P(Xn ≤ x) = F (x)n

��(4�)�©ÙFmin(x) = 1− (1− F (x))n.

EXAMPLE (��y�)

�¿����õ§K�N´�"

)ºµ b�z���Ñl�ê©ÙE(λ). �kn���§1���K�
��VÇ©Ù=4�©Ù. Fmin(x) = 1− (1− F (x))n = 1− e−nλx . w
,n��§Fmin(x)��§Æ·�á"
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�Å�þ�¼ê 4�4�(gS)�ÅCþ

��

�Ê�á:

P120 SKo. 2,16,18,26
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Õá�ÅCþ�EÜ¼ê �ÅCþ�Ú

{ü�ÅCþ�Ú

S = X1 + X2 + · · ·+ Xn. b��ÅCþp�Õá§
KF (S) = F (X1)F (X2) · · ·F (Xn).
lÑ�/:

Xi´ü:©ÙB(1, p)§KS´��©ÙB(n, p).

Xi´AÛ©Ù, KS´K��©ÙNB(n, p).

Xi´Ñt©ÙP(λi ), KS´Ñt©ÙP(
∑

i λi ).

ëY�/:

Xi´þ!©Ù§KS´º.

Xi´�ê©Ù, KS´³ê©ÙΓ(n, λ).

Xi´��©Ù, KS´��©ÙN(
∑
µi ,

∑
σ2i ).

�±í2��ÅCþ��5|Ü"AO��©Ù��5|Ü�´��©

Ù!
***�±í2��ê��ÅCþ�Ú"
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Õá�ÅCþ�EÜ¼ê O��~f

~f1

EXAMPLE (Å´d�)

b�S(n)´1��Å´31n±�d�"��61�d�üz�.b
½S(n)/S(n − 1)´p�Õá�éê��©ÙlogN(µ, σ2)"b
½µ = 0.0165, σ = 0.0730, (a) O�ëYü±z±d�ÑþÞ�VÇ"
(b) O�ü±�d�þÞ�VÇ"

)�:

�Z ∼ N(0, 1), log(S(n)/S(n − 1)) = X ∼ N(µ, σ2),K?�±SþÞ
�VÇP(S(n)/S(n − 1) > 1) = P(X > 0) = P((X − µ)/σ > −µ/σ)
=P(Z > −0.0165/0.0730) = P(Z < 0.2260) = 0.5894. dÕá5§
ëYü±ÑþÞ�VÇP = (0.58942) = 0.3474

ü±�þÞ=P(S(2)/S(0) > 1) = P(S(2)/s(1)s(1)/s(0) > 1) =
P(X1 +X2 > 0). 5¿X1,X2 ∼ X = N(µ, σ2), X1 +X2 ∼ N(2µ, 2σ2),
O�kP(X1 + X2 > 0) = P(Z > −0.0330/(0.0730

√
2)) = 0.6254.
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Õá�ÅCþ�EÜ¼ê O��~f

~f2

EXAMPLE (XÚÆ·)

b���XÚdeZ�Õá���|¤§�¹¿é§GéÚ�^���

ë��ª¶KXÚ�Æ·d���Æ·Úë��ªû½"������

Æ·Ñl�ê©Ùε(λ).
Ä�ë��ª:

Gé: S = min(X ,Y ), FS = 1− (1− F (x))2 = 1− e−2λs ;

¿é: S = max(X ,Y ), FS = F (x)2 = (1− e−λs)2;

�^XÚ: S = X + Y , fS = λe−λsλs. S ∼ Γ(2, λ).

���±�ÚÚ��XÚ�Æ·"
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Õá�ÅCþ�EÜ¼ê �ÿ�

��

�Ê�á:

P90 SKn. 29§
P120 SKo. 19,28,31.
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Õá�ÅCþ�EÜ¼ê �ÿ�

QUIZ �ÿ��

1 ��ÅCþX3(−π/2, π/2)þÑlþ!©Ù,KY = tanX�VÇ�
ÝfY (y) =

2 òù!x!çn�¥�Å/Å��\?Ò�1§2§3�n�ÝS
£zÝNB¥��êØ�¤§±X L«k¥Ýf���Òè§¦µ
£1¤�ÅCþX�©ÙÆ¶£2¤X�©Ù¼ê"

3 ,¤ìþCk4�Õáó��Óa��"®�z����Æ·(±�
�O) X ∼ N(5000, σ2),�ó����Ø�u2��,T¤ìU�~ó
�"KT¤ìU�~ó�5000��±þ�VÇ� "

4 ***P63. 23K:��ÅCþX�VÇ�Ý�f (x) = a
ex+e−x , (1)(½~

êa ; (2)¦X�©Ù¼ê; (3)¦P(0 ≤ X ≤ ln
√

3).
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Õá�ÅCþ�EÜ¼ê �ÿ�

QUIZ �ÿ��: �Y

1 fY (y) = 1
π

1
1+y2 ,−∞ < y < +∞.

2 £1¤�ÅCþX�©ÙÆ¶
P(X = 3) = 1/27;P(X = 2) = 7/27;P(X = 1) = 19/27;
£2¤X�©Ù¼ê"
F (x) = 0, x < 1; 19/27, 1 ≤ x < 2; 26/27, 2 ≤ x < 3; 1, x ≥ 3

3 �����~ó�VÇp = P(X > 5000) = 1/2;
��ó��êYÑlB(4, 0.5),
¤ì�~ó�VÇ:
P(Y ≥ 2) = 1− P(Y = 0)− P(Y = 1) = 1− 1/16− 4/16 = 11/16.

4 a = 2/π,F (x) = 2/π arctan ex ,P = 1/6.
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Week 9 : �ÅCþ�êiA�

1 �ÅCþ�Ï"�Ý

Ï"���

êÆ½ÂÚO�

~f�(J

2 ���9Ý1¼ê***
���9���Ý
*
�'�Õá

Ý1¼ê***
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Reviewµ£�

RECALL:

�Å�þ9Ù©Ù

�Å�þ�¼ê9Ù©Ù

EÜ©Ù¼ê�O�: AÏ«
�þ�È©"

TODAY

Ï"9ÙO�¶

EÜ¼ê�Ï"¶

Iå��p©ÙXþµ→ {ü�ê
i£ãº

l¼ê�êiA

�EX ,EX 2,EX 3, . . .
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�ÅCþ�Ï"�Ý Ï"���

Ï"���

EXAMPLE (Æ·ýÏ)

®���¥I<(50�)UY)���mÑl�ê©Ùε(1/25). ¯�
�50�<�ýÏÆ·´õ�º�õê<�Æ·��ºµ± s, 75± 25.

�ÅCþ�Ï": EX =
∑

xipi
=²þ�,J|: ~P�µ¶
~fµRoulette{ªÓ�Ùk38�ê�§�{ü�
{Ù��ê�
��§�I�35�"¯�gÙ5�Ï"Iaõ�º

�ÅCþ���: Var(X ) = DX =
∑

(xi − EX )2pi
=CÉ, ºx: Ï~½ÂIO��s =

√
DX ,Pêâ�µ± s.

~fYµXJÓþ�ÍuÓ�Ù��$Ù7´��(�I350�)§
\F"ë\íº

�kÙ¦A�íº �skewness§¸�µkurtosis;
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�ÅCþ�Ï"�Ý êÆ½ÂÚO�

êÆÏ"ÚÝ

Definition (ëY�ÅCþÏ")

�ëY�ÅCþX��Ý¼ê�f (x),�
∫ +∞
i=−∞ |x |f (x)dx < +∞,

¡EX =
∫ +∞
−∞ xf (x)dx�X�Ï"(�).

llÑ�ëY: ?ê¦Ú�È©"

È©�UØ�3½Ã¡¶

í2: EX n =
∫ +∞
−∞ xnf (x)dx ,¡�X�n�Ý(moment)"

AOE (X − EX )n¡�X�n�¥%Ý, ��¥%Ý=�
�DX = E (X − EX )2 = EX 2 − (EX )2.

Ä�5�: (È©5�û½)üN5,�5EÜ"

***Eq¡�Ï"�f(�5):�½���ÅCþ(©Ù¼ê)����ê"
ë��¼©Û"
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�ÅCþ�Ï"�Ý êÆ½ÂÚO�

��Ï"�O�úª

Proposition (EÜ¼ê)

�Y = g(X ),XJX´lÑ�ÅCþ§EY =
∑∞

i=0 g(xi )pi ; XJX´ëY

�ÅCþ§EY =
∫ +∞
−∞ g(x)f (x)dx.

lÑ�/y²:
∑

j g(xj)p(xj) =
∑

i

∑
g(xj )=yi

yip(xj) = EY .

ëY�/y²µ***

Lemma (�K�ÅCþ�Ï")

�Y ≥ 0,KEY =
∫∞

0 P(Y > y)dy.

Proof.

Eg(X ) =
∫∞

0 P(g(x) > y)dy =
∫∞

0

∫
g(x)>y f (x)dxdy

��È©Eg(x) =
∫
x :g(x)>0

∫ g(x)
0 dyf (x)dx =

∫
x :g(x)>0 g(x)f (x)dx .
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�ÅCþ�Ï"�Ý êÆ½ÂÚO�

�Å�þ�Ï"

Definition (���Å�þ�Ï")

��Å�þ�~X = (X ,Y ),K~X�Ï"´(EX ,EY )§P�E ~X.aqkn�
�þ�Ï""

Theorem (�Å�þ¼ê�Ï")

�~X´�Å�þ§XJ�ëY�Å�þ§©Ù�Ý
�f (x1, x2, . . . , xn),KY = g(~X )�Ï"
´EY =

∫∫
g(~X )f (x1, . . . , xn)dx1 . . . dxn. éulÑ�Å�þaq"

íØ:

+++�5:E (
∑

aiXi ) =
∑

aiE (Xi ).

+++(Õá)¦{µ�X ,YÕá§KEXY = EXEY . �í2�n�"
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�ÅCþ�Ï"�Ý ~f�(J

¢~µÏ"

EXAMPLE (=�AJ|�O)

�=�A�È�«û¬"b�ñ��J|a�§vñK��b�"�û¬
�I¦þÑl,�©ÙF , ¯¥�(¾	)õ�û¬�±����²þ|
dºAOXJF´�ê©Ù§AT¥�õ�û¬º

)�: �Y´û¬�I¦§P(Y ≤ k) = F (k).
�¥�þ�k ,KJ|�ÅCþZ÷v¶
Z = aY − b(k − Y ),Y < k,Z = ak,Y ≥ k
�f (y)��Ý¼ê¶²þ|d

=m(k) = EZ =
∫ k

0 (ay − b(k − y))f (y)dy +
∫∞
k akf (y)dy

O�km(k) = (a + b)
∫ k

0 yf (y)dy + ak − (a + b)k
∫ k

0 f (y)dy ;

=¦m(k)�4�:"O�km′(k) = a− (a + b)
∫ k

0 f (y)dy ,m
′′

(k) < 0§
4��:m′(k) = 0,kF (k) = a

a+b ; AO�F��ê©

Ù§1− e−λk = a
a+b ; k = (λ)−1 ln a+b

b .
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�ÅCþ�Ï"�Ý ~f�(J

~fµEÜ¼ê�Ï"

Corollary (EÜ¼ê���)

VarX = DX = EX 2 − (EX )2;

�5C�: Var(aX + b) = a2Var(X ).

�X ,YÕá,KVar(X + Y ) = VarX + VarY .

EXAMPLE (�é¯K)

n�&�3n�&µ§¦²þkAµ�(�Ð"

)�µ �Xi =1i�&µ�é"KEXi = 1/n,
�Y�¤k�é�&µ
ê§Y = X1 + · · ·+Xn,EY = E (X1 + · · ·+Xn) = 1.=²þ�µ&�é"

ÜgN (BUAA) VÇÚO��ÅL§ November 12, 2010 9 / 16

�ÅCþ�Ï"�Ý ~f�(J

~�©Ù�Ï"���

~�lÑ©Ù¶

ü:©Ù§Bernouli�ã|©ÙEX = p,VarX = pq

��©ÙB(N, p)§EX = np,VarX = npq, �AÛ©Ùaq¶

Ñt©ÙP(λ),EX = λ,VarX = λ

AÛ©ÙEX = 1/p,VarX = q/p2;

~�ëY©Ùµ

þ!©ÙU(a, , b),EX = a+b
2 ,VarX = (b−a)2

12 ;

�ê©Ùε(λ), EX = 1/λ,VarX = 1/λ2;
Γ©Ù�íÑ:

��©Ù: EX = µ,VarX = σ2.
Õá��©Ù��5|Ü�´��©Ù(éAkÏ",����5|
Ü);
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�ÅCþ�Ï"�Ý ~f�(J

��

�Ê�á:

P157 SKÊ. 6,9,13,15
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���9Ý1¼ê*** ���9���Ý
*

���

Definition (���)

��ÅCþX ,Y�Ï"�3,½ÂX ,Y����
�cov(X ,Y ) = E (X − EX )(Y − EY ). �P�σXY .
O�úª: cov(X ,Y ) = E (XY )− EXEY

é¡5µcov(X ,Y ) = cov(Y ,X ),AOCov(X ,X ) = Var(X )

(V)�5µcov(aX ,Y ) = acov(X ,Y )

¦Úµcov(
∑

Xi ,
∑

Yj) =
∑

i

∑
j cov(Xi ,Yj) A

OVar(
∑

Xi ) = Var(Xi ) +
∑∑

i 6=j cov(Xi ,Xj)

í2µn��Å�þÏ"E (~X ) = ~µ,
���Ý
: Σ = (σXiXj

)n×n, Σ = E (~X − ~µ)τ (~X − ~µ).

p���©Ùf (~X ) = Cexp−
1
2

(~X−~µ)τΣ−1(~X−~µ)
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���9Ý1¼ê*** �'�Õá

�'Xê

Definition (�'Xê)

��ÅCþX ,Y�Ï"Ú���3,½ÂX ,Y��'Xê
�ρ(X ,Y ) = cov(X ,Y )√

VarXVarY
. �P�ρXY .

O�úª: Ú\IOz�ÅCþ
UX = (X − µX )/σX ,UY = (Y − µY )/σY , Kρ(X ,Y ) = E (UXUY )

�'Xêµ−1 ≤ ρ(X ,Y ) ≤ 1 ,=�ÜN�]Ø�ª"

XJρ(X ,Y ) = 0,¡X ,YpØ�'¶��/X
Jcov(X ,Y ) = 0,¡X ,YpØ�'"
Õá7,Ø�',��Ø�½. P152 ~5.

|ρ| = 1⇐⇒ P(Y = aX + b) = 1. 5: VarX = 0→ X ≡ Const.
�'��5�'µØ�'Ø�½v'X,�Ø�½Õá"
~f: X ∼ N(0, 1),Y = X 2; cov(X ,Y ) = 0.

����©ÙN(µ1, µ2, σ1, σ2, ρ),ρ=�'Xê§
AO>��ÅCþ: Ø�'�duÕá"
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���9Ý1¼ê*** �'�Õá

~fµ����©Ù
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���9Ý1¼ê*** Ý1¼ê***

Ý1¼ê***

Definition (Ý1¼ê)

��ÅCþX�Ï"�3,½ÂX�Ý1¼ê�MX (s) = E (expsX ). �P
�M(s).

lÑ�/: M(s) =
∑

esxip(xi ).

ëY�/: M(s) =
∫∞
−∞ esx f (x)dx

éAk: ZC�: M(z) =
∑

z ip(i).
.Ê.dC�L(f ) =

∫∞
0 e−sx f (x)dx .

(Ø: �ÅCþ�Ý=Ý1¼ê3":��ê"
EX n = dnM(s)

dsn |s=0.
5µ�3_C�§��û½�ÅCþ�©Ù¼ê"

~f: �ê©ÙM(s) = λ
λ−s , s < λ.

EX = 1
λ ,DX = 1

λ2 .
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���9Ý1¼ê*** Ý1¼ê***

��

�Ê�á:

P157 SKÊ. 17,18,22,23
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Week 10 : 4�½n�ÚO

1 Ø�ª��ê½Æ

ÝØ�ª

f�ê½Æ

~f�A^

2 ¥%4�½n�ÚOg�

r�ê½Æ*
¥%4�½n

ÚOg�
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Reviewµ£�

Last Week:

�ÅCþ→ êiA�(Ý)

~�A�: Ï"§��§��
�§�'Xê¶

***Ý1¼ê:

This Week:

(Ý)Ø�ª

f�ê½Æ

¥%4�½n

ÚOg�:

�þ¢��ÝM1(J%CÏ"(þ
�)! (�´Ø��U�5��.) �ê
½ÆØ´²þÆ!
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Ø�ª��ê½Æ ÝØ�ª

VÇØ�ª

|^�ÅCþ�A��OVÇ:

Proposition (Markovê��ÅØ�ª)

��ÅCþX��K�§K?¿a > 0,
P(X > a) ≤ EX

a .

y²: ½Â�ÅCþI = a,X ≥ a; I = 0,X < a,
´�I ≤ X ; |^Ï"��Ò5§EI ≤ EX ,��"

Corollary (Chebyshev�'ÈÅØ�ª)

��ÅCþX�þ��µ,���σ2§K?¿a > 0,
kP(|X − µ| ≥ k) ≤ σ2

k2

y²: -Y = (X − µ)2,|^ê��ÅØ�ª§P(Y > a) ≤ EY /a,
-a = k2, kP((X − µ)2 ≥ a) = P(|X − µ| ≥ k), E (X − µ)2 = σ2,·K�
y"
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Ø�ª��ê½Æ ÝØ�ª

A^Ø�ª�OVÇ

EXAMPLE (�O�Èþ)

b���ûA²þzUñ50�û¬§

1 ¯,�UñK75�±þ��VVÇ´õ�?

2 XJ®��Èþ���´25§¯�Èþ340�60�m�VÇ´õ
�º

)� �X´�Èþ§EX = 50,

1 dê��ÅØ�ªP(X > 75) ≤ 50/75 = 2/3;

2 XJVarX = σ2 = 25,KP(|X − 50| < 10) = 1− P(|X − 50| ≥ 10) =
1− 25/100 = 3/4.

±þØ�ª==�Ñþ.§Ø´é°("(��^unØïÄ).
XJ®�©Ù´��©Ù§�±��2��Y�0.955"
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Ø�ª��ê½Æ f�ê½Æ

f�ê½Æ

l���ÅCþX����ÅCþX�Xn:

b�: XiÑ´�Ó�VÇ©Ù�p�Õá(¡�IID),Ï"�µ,��
�σ2. Pþ��ÅCþX̄n = 1

n

∑i=n
i=1 Xi .

Theorem (f�ê½Æ)

�½ÕáÓ©Ù��ÅCþ�Xn,kk�Ï"µ(Úk���σ
2)§Kké

?¿ε > 0,k�n→∞�P(|X̄n − µ| ≥ ε)→ 0.

y²: ´�EX̄n = µ,Var(X̄n) = σ2/n;

d�'ÈÅØ�ªP(|X̄n − µ| ≥ ε) ≤ σ2

nε2
→ 0.

Definition (�VÇÂñ)

�Xn,X´�ÅCþ,XJé?¿ε > 0, klimn→∞ P(|Xn − X | ≥ ε) = 0,

¡Xn�VÇÂñ�X. P�Xn
p−→ X.

f�ê½Æ=X̄n = 1
n

∑i=n
i=1 Xi

p−→ µ.
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Ø�ª��ê½Æ ~f�A^

¢~: �¬N�(½ÀÞ)

EXAMPLE (@ê)

�·�F"���Æ)¯@ê�'~p"ÏL3ãÖ,��N�n�<,
XJm�<¯@ê"·�Ò�Op = m/n.

1 �½Ø�ε,�O�Ø�VÇ´õ�º

2 XJF"Ø�Ø�L0.01, �Ø�VÇØ�L0.05, =5%,I�N�
õ�<º

)�:.

PXi�ü:©ÙB(1, p),Kþ�X̄n�Ï"p,���p(1− p)/n.(©Ù?)
1)|^�'ÈÅØ�ª, �Ø��ε = 0.1,
KP(|X̄n − p| ≥ 0.1) < p(1− p)/(n ∗ 0.01) < 1/4(n ∗ 0.01).
XJn = 100,Ø��u0.1�VÇ�u0.25
2)Óþ, P(|X̄n − p| ≥ 0.01) < 1/(4n ∗ 0.012) < 0.05, �Å�O�
¦n > 50000.

ÜgN (BUAA) VÇÚO��ÅL§ November 19, 2010 7 / 15

Ø�ª��ê½Æ ~f�A^

~ê�ÅCþ

EXAMPLE (~ê�ÅCþ)

�X = a´~ê§KEX = µ,Var = 0.
XJ®�EX = µ,Var = 0,X´�oº
==kP(X = µ) = 1.

y²: ?¿k , kP(|X − µ| > k) ≤ 0/k = 0¶
=P(X 6= µ) = 0"

Proposition (íØ)

AÏA��VÇ©Ù.

E (|X |) = 0→ P(X = 0) = 1(ê��ÅØ�ª)

DX = 0→ P(X = EX ) = 1

ρ(X ,Y ) = ±1→ P(Y = aX + b) = 1.
(�EZ = X/σx ± Y /σy ,|^DZ = 0(Ø")
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Ø�ª��ê½Æ ~f�A^

�ÅCþ�4�***

êÆ©Û¥�4�

1 ê�4�an → a

2 ¼ê��4�:fn(x)→ f (x).
::Âñ, ��Âñ;

3 ?ê�Âñ:

�ÅCþ�4�(ë�¢C¼ê,�¼©Û***)

1 �VÇÂñ: P�Xn
p−→ X , XJP(|Xn − X | ≥ ε)→ 0

2 ±VÇ1Âñ(A�??)µXn
as−→ X ,½öXn → X ,wp1. ,X

JP(limXn = X ) = 1;

3 �©ÙÂñµP�Xn
d−→ X ,X

JlimP(Xn ≤ x) = FX (x), limFXn(x) = FX (x);
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Ø�ª��ê½Æ ~f�A^

��

�Ê�á:

P157 SKÊ. 7§24¶
P166 SK8. 1§2
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¥%4�½n�ÚOg� r�ê½Æ*

r�ê½Æ

Definition (±VÇ1Âñ)

�Xn,X´�ÅCþ,XJP(limXn = X ) = 1 ¡Xn±VÇ1Âñ(A�?
?)�X, P�Xn

as−→ X,½öXn → X ,wp1.

Theorem (r�ê½Æ)

�½ÕáÓ©Ù��ÅCþ�Xn,kk�Ï"µ,(k�o�
ÝEX 4 <∞),KX̄n

as−→ µ§=P(lim X̄n = µ) = 1.

y²J«: �Ï"�0,�E?êE (
∑

X̄n
4
) <∞, ��lim X̄n

4
= 0,

=X̄n
as−→ 0.

5P:r�ê½Æ`²
ªÇÆ��VÇ)º"�½ü:©ÙB(1, p), ª
ÇX̄n

as−→ p"
('���ã|½nr)"
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¥%4�½n�ÚOg� ¥%4�½n

¥%4�½n

Theorem (¥%4�½n)

�½ÕáÓ©Ù��ÅCþ�Xn,kk�Ï"µÚk���σ
2, ½ÂÜ©

Ú�ÅCþSn =
∑i=n

i=1 Xi ,ÙIOz�ξn = Sn−nµ√
nσ2

, Kξn
d−→ N(0, 1)§

=limP(ξn ≤ x) = Φ(x) = 1
2π

∫ x
−∞ e

−t2

2 dt.Ù¥Φ(x)�IO��©Ù�©

Ù¼ê"

y²J«: |^Ý1¼ê�±y²"
`²: ¥%4�½nkéõí2§Õá�­�¶
þ�§��´�­��©ÙA�§|^ÚO�Oþ�Ú��=�"

Corollary (©Ù%C)

é¿©�n,Sn ∼ N(nµ, nσ2),%Cúª: P(Sn ≤ x) ≈ FN(nµ,nσ2)(x)"
AO��©ÙB(n, p)�^��©ÙN(np, np(1− p))%
C"(DeMoivre-Laplace½n).
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¥%4�½n�ÚOg� ¥%4�½n

(Y) ¢~: �¬N�(½ÀÞ)

EXAMPLE (@ê)

�·�F"���Æ)¯@ê�'~p"ÏL3ãÖ,��N�n�<,
XJm�<¯@ê"·�Ò�Op = m/n.

1 �½Ø�ε,�O�Ø�VÇ´õ�º

2 XJF"Ø�Ø�L0.01, �Ø�VÇØ�L0.05, =5%,I�N�
õ�<º

)�: PXi�ü:©ÙB(1, p),K|^¥%4�½n�í
ØµX̄n ∼ N(p, p(1− p)/n)§�CqO�X̄n ≈ N(p, 1/(4n)).
1)P(|X̄n − p| ≥ ε) ∼ 2P(X̄n − p ≥ ε). -Z = (X̄n − p)/

√
1/(4n). X

Jn = 100,ε = 0.1,KVÇ�2(1− Φ(Z )) = 2− 2Φ(2) = 0.046;
2)Óþ, P(|X̄n − p| ≥ ε) = 2− 2Φ(2ε

√
n) ≤ 0.05, 5¿:

Φ(1.96) = 0.975!!!, O�kn > (1.96)2/(4 ∗ 0.012) = 9604.
����rþ�¬Ä�N�Ø���0.03, n > 1067<=�"
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¥%4�½n�ÚOg� ÚOg�

lVÇØ�ÚO

VÇØ�nØ:

VÇ�.(���m+VÇÆ);

�ÅCþ(©ÙÆ)X ,êiA�(Ý)EX i ;

�ê½Æ: �þ©Ù�²þ�´­½�¶

¥%4�½nµéõ�ÅCþ�©Ù´Bell ¨.­�¶
Galtonµ·Ï­.¥��p5Æ:

ÚOÆ�íäL§:

��VÇ�.(�ÅCþ)��þ¢�êâxi (��)

O�êâ(��)�A�(Ý)½Ù¦ÚOþ¶

ëê�O: (�ê½Æ)�±^êâ�ÚOþ5�O���.�ë
ê;��VÇ�.¶

ÚOûü: �Ñ�O�Ø�½b�u�¶|^ÚOþ�©Ù§��
b½X�©Ù´��©Ù(¥%4�½n);
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¥%4�½n�ÚOg� ÚOg�

��

�Ê�á:

P166 SK8. 3§4§5.
P184 SKÔ1.
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Week 11 : Ä��:�O

1 Ä��ÚO©Ù

Ä�N�

ÚOþ��O

ÚOÆn�©Ù

2 ëê�O

Ý�O

��q,�OMLE
~f
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Reviewµ£�

Last Week:

(Ý)Ø�ª: AÏA���ÅC
þ

�ê½Æµê�%C

¥%4�½n: Ú©Ù���
%C½Ø��%C

This Week:

ÚO�Ä�

ÚOÆn�©Ù

ëê�O: Ý�O���q,
�O¶

{I1936coÚÀÞýÿµ
©Æ©Á(1Z�¯ò,ýÿLandon
I)
XâÊGeorge Gallup( 5000¯ò,ý
ÿRoosevelt I)
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Ä��ÚO©Ù Ä�N�

�o´ÚOº

A Joke:

�«;¾²þz�Z<k

�3.2<"

èx��¯�Ö3.2<´XÛk
{º

�Ö`µ��ÚOÆ[`k


3.2<�§¿�X3�<®²
k
§ü�<��k"

ÚOÆµ�Ø�6z��Ö½

ÂµStatistics is the art and science
of collecting and analyzing data.

{IÚOÛµ”{I´$13ê
âþ�I["”

H.G.WellsµÚOg�ok�U
¬�Ö����¤���k�

Çú¬�7�Uå"

C.R.Rao: Ø(½�£+Ø(½
5Ýþ��£=�^��£
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Ä��ÚO©Ù Ä�N�

oN���population vs sample

oN(N)µÚOïÄé�"'X<�Ê�"
äN�I: �p§Æ·§��:

oN�©Ù: ½���I�©Ù: ´��(½�©Ù!!! �Ã{��!
êÆ: (Ä�z)��”;.”�N�(�I)´���ÅCþ,��X"

Ä�N�: �ÅÀ�n��N�L§"z�gÀ�´��Ä
�(sampling); n´��Nþ"

��: ”�Å” ���n��N´�Å�þ(X1,X2, . . . ,Xn)
äN�Iµ¡����§P�x1, x2, . . . , xn.

²;ÚO: d���íäoN©ÙX�ëê(=ëê�O) ½©Ù¼
ê(�ëê�O).
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Ä��ÚO©Ù Ä�N�

Ä�L§

~�Ä��{:

{ü�ÅÄ�: z��Nk�VÇ�Ä�¶

©�Ä�: k�âoN©a,2{üÄ�©Û"'XIå"Ì�Jp
(J��L5"

©�Ä�: kÄ���foN§2lfoN¥Ä�,... 'X�ÊÆ
)N�:
kÄ�eZÆ�§2Ä�eZ�?"Ì��
JpÄ��Ç(�a).

êÆ£ã:oN©ÙX

***{üÄ�L§µéz��NSi (ω) = 1 ½0, À¥V
Ç∼ B(1, n/N).

b½: ��X1,X2, . . . ,Xn´ÕáÓ©Ù(IID)�X .
�F (x)�X�©Ù¼ê§KéÜ©ÙF (x1, x2, . . . , xn) =

∏
F (xi ).

N���F�&Eº
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Ä��ÚO©Ù ÚOþ��O

lêâ�ÚOþ

{üêâÚO

ãLµ��ã§�\ã§

��ÚOþ: þ�§¥ ê§© ê(1/4),��(��ã)

���Ý: ��þ�§����§��Ý 1
n

∑
xki . ��¥%Ý¶

gSÚOþ: ��üSx(1), x(2), . . . , x(n),
²�©Ù:Fn(x) = k/n, x(k) ≤ x < x(k+1).

Definition (ÚOþ)

X1,X2, . . . ,Xn´ÕáÓ©Ù(IID)�X§g�?�n�¼ê§
¡g(X1,X2, . . . ,Xn)���ÚOþ(´���ÅCþ)"

�ê½Æ: ��Ý%CoNÝ¶ÚOþ���%C,�ëê¶
¥%4�½n:ÚOþ�©ÙÑl���©Ù�'��
©Ù¶
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Ä��ÚO©Ù ÚOÆn�©Ù

n�ÚO(Ä�)©Ù

b½oN´��©Ù!!!

1 χ2(n)©Ù(k�©Ù): gdÝ�n. χ2 =
∑

i X
2
i ,Xi ∼ N(0, 1).

→ χ2©Û

5�µEχ2 = n,Dχ2 = 2n.
χ2(n) + χ2(m) = χ2(n + m)

2 t(n) ©Ù(Æ)©Ù): T = X/
√

Y /n,X ∼ N(0, 1),Y ∼ χ2(n)"
5�: é¡§���©Ùn ≤ 30, n > 30���©Ù�C¶

3 F (n,m)©Ù(VgFisher)µ

F (m, n) = X/m
Y /n ,X ∼ χ

2(m),Y ∼ χ2(n)§�X ,Y�pÕá"

→ ANOVA ��©Û
5�: F1−α(m, n) = 1

Fα(n,m) .

©Ù�L: eα© êzα, χ
2
α(n), tα(n),Fα(m, n) ÷vP(S ≤ Sα) = α.

©ÙO�: ~�©ÙO�ì"
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�Ê�á:
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Ä��ÚO©Ù ÚOÆn�©Ù

QUIZ �ÿ�n

1 ��ÅCþX ∼ N(µ, σ2) ,KE (X − µ)4 =. (D)
(A) σ4¶(B) 2σ4; (C) 6σ4; (D) 3σ4

"

2 ��ÅCþX�3êÆÏ"EX Ú��DX ,Ké?¿�êεk((c)),
£A¤P(|X − EX | ≥ ε) > DX

ε2 ,£B¤P(|X − EX | < ε) > 1− DX
ε2 ;

£C¤P(|X − EX | ≥ ε
√
DX ) ≤ 1

ε2¶

£D¤P(|X | ≥ ε) ≤ E(X−EX )k

εk
(k ≥ 1) ,

3 ��ÅCþX ,Y���ÝEX 2,EY 2�3§y²µ¤áØ�

ª|EXY | ≤
√
EX 2EY 2. (�EE (X + tY )2 ≥ 0)

4 �Xn´�pÕá��ÅCþS�,�Ù©ÙÆ
�P(Xn = −

√
n) = 1

2n+1 ,P(Xn =
√
n) = 1

2n+1 ,P(Xn = 0) = 1− 1
2n .

PYn = 1
n

∑
i Xi"

Á¦µ£1¤EXn,DXn;(0, n/2n)£2¤EYn,DYn;(0, 1
n2

∑
i i/2i )

£3¤y²: é?�ε > 0,¤álimn→∞ P(|Yn| ≥ ε) = 0"
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ëê�O

~�ÚOþ�©Ù

��~�A��©Ù´ÚOíä�'�!
��ÏL��O�(�E)Ñ�
ÚOþ: ��þ�§����§�
��'Xê§F"ÚOþ�©Ù´®��!

¥%4�½n�Ñ��þ��%C©Ù��©Ù§Ù¦A�Qº

Ä�b�:XJoN´��©Ù§X ∼ N(µ, σ2),
PX̄n = 1

n

∑
Xi , S

2 = 1
n−1

∑
(Xi − X̄n)2.

��þ����©Ù(X̄n − µ)/σ/
√
n ∼ N(0, 1)

�����χ2©Ù: (n − 1)S2/σ2 ∼ χ2(n − 1)

(��oN��) ��þ��t©Ù: X̄n−µ
S/
√
n
∼ t(n − 1)

*(ü�oN�þ��) b����Ó��§P181½nÊ.

*(ü�oN���') ü�ÕáoNX ,Y ,
S2
X /σ

2
x

S2
Y /σ

2
Y
∼ F (n − 1,m − 1), n,m ≥ 2.
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ëê�O Ý�O

:�O

b½oN©ÙX��.®��ëê��"

Definition (ëêÚOþstatistics)

�½{ü�Å��X1,X2, . . . ,Xn, �θ´oN©Ù���ëê§�E¼
êg(x1, x2, . . . , xn), ¡θ̂ = g�θ��Oþ½ÚOþ¶

~��O:

��þ�X̄n =
∑

Xi → EX Ï"
����S2 =

∑
(Xi − X̄ )2/(n − 1) → DX = EX 2 − (EX )2 ��, �

�IO�s →
√
DX IO�

***���'Xêρ̂xy =
sxy
sx sy
→ ρ.

Definition (Ý�Omoment statistics)

�½{ü�Å��X1,X2, . . . ,Xn, XJvk = EX k�3§K½

ÂV̂k = 1
n

∑
i X

k
i ´vk�Ý�OÚOþ"�2Â�: �E¼

êg(v̂1, v̂2, . . . , v̂n),��O��ëêθ§¡�θ�Ý�Oþ"
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ëê�O Ý�O

Ý�O�~f

EXAMPLE (��©Ù)

X ∼ N(µ, σ2),ëêµ = EX , σ2 = DX = EX 2 − (EX )2,

KÝ�Oµ̂ = v̂1 = X̄n, σ̂2 = v̂2 − v̂1
2 = 1

n

∑
(Xj − µ̂)2.

?¿©Ù�þ�����Ý�O�L�ª´���"(5: ��á`{Ø
��§'�3Ý�½Â¥Ï~Xê�1/n)).

EXAMPLE (þ!©Ù)

X ∼ U(0, b), Kb = 2EX, Ý�Ob̂ = 2X̄n.
���U(a, b)kü�ëê§|^EX = (a + b)/2,DX = (b − a)2/12,)�

§��a, b = v1 ±
√

3(v2 − v2
1 ).

�ê©Ùε(λ)§EX = 1/λ→ λ̂ = 1/X̄n;
Ñt©Ù,EX = λ→ λ̂ = X̄n, 5: DX = λ, λ̂2 = 1

n

∑
(Xj − µ̂)2???

��©ÙB(N, p), EX = Np → p̂ = X̄n/N; AO�¬N�¯K: '~
��OB(1, p), p̂ = X̄n.
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ëê�O ��q,�OMLE

��q,�OMaximum Likelihood Estimation

EXAMPLE (ÀJ�ä)

�,�Ue��VÇp�0.1½0.9§8Uvke�§¯p =?
KAT�äp = 0.1¶d(J�äVÇ�g�¡���q,g�"XJë
YAUve�§�ä�O(!

���3��q,¼ê(likelihood function), ®����§¦¦�q,¼
ê�4��¤éA)5�Oëê"

Definition (MLE)

�½'u��ëêθÚ����q,¼êL(x1, x2, . . . , xn; θ), ½Âθ̂�¦
�L�����)§¡θ̂´θ���q,�O.

lÑ�/: L(x1, x2, . . . , xn; θ) = P(X1 = x1,X2 = x2, . . . ,Xn = xn)
ëY�/: L(x1, x2, . . . , xn; θ) = f (x1, x2, . . . , xn; θ);
¦)���: dL

dθ = 0, ½öd ln L
dθ = 0. (éêq,¼ê).

õ��/(θ1, θ2, . . . ): ∂L
∂θi

= 0, ∀i . y¢¥�U�^ê�){¦)"
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ëê�O ~f

MLE�~f

£�:(�O,/«�,ÄÔoêN)
ÓP�1ÄÔM,�IP�£,L�ã�m,2ÓP�1ÄÔn, Ù¥kIP

��k ,|^�AÛ©Ù�ON"VÇ�P(X = k) =
C k
MCn−k

N−M

Cn
N
´'uN�

��S�§¦���éA�N,kN = nM/k. ¡���q,�O"

EXAMPLE (��©Ù)

X ∼ N(µ, σ2), O�kµ = X̄n, σ̂2 = 1
n

∑
(Xj − µ̂)2,�Ý�O��"

EXAMPLE (þ!©Ù)

X ∼ U(0, b), KMLE�Ob̂ = x(n),=�����"éuU(a, b),aéA��

���"L(a, b) = 1
(b−a)n ≤

1
(x(n)−x(1))n .

�ê©Ùε(λ)§MLE λ̂ = 1/X̄n �Ý�O��

Ñt©Ù,λ̂ = X̄n,�Ý�O��
ü:©ÙB(1, p), p̂ = X̄n§�Ý�O��"
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ëê�O ~f
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Week 12 : :�O�µ��«m�O

1 :�O�µ�

Ã 5

k�5

��5

2 «m�O

«m�O

�&Y²�e© ê

��oN�«m�O
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Reviewµ£�

Last Week:

ÚO�Ä�

ÚOÆn�©Ù

ëê�O: Ý�O���q,
�O¶

This Week:

�O(ÚOþ)�µdIOµÃ
 , k�§��"

«m�O��&Ý¶

þ�����«m�O;

�&«mµ�:�O��Ø��

�"

�&Y²: 0.05,0.01.
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:�O�µ� Ã 5

Ã �O

Definition (ëêÚOþstatistics)

�½{ü�Å��X1,X2, . . . ,Xn, �θ´oN©Ù���ëê§�E¼
êg(X1,X2, . . . ,Xn), ¡θ̂ = g�θ��Oþ½ÚOþ¶

Definition (Ã ÚOþUnbiased)

XJ±þÚOþ÷vE (θ̂) = θ, ¡θ̂´Ã �O"

Proposition

��þ�X̄nÚ����S2 = 1
n−1

∑
(Xi − X̄n)2´oN©Ù�þ�Ú��

�Ã �O"

���y: EX̄n = µ,E (S2) = σ2
"

5µ���Ý�O(½MLE�O) 1
n

∑
(Xi − X̄n)2Ø´Ã �O"
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:�O�µ� Ã 5

Ã �O�~f

Theorem (oNÝ��O)

���kgÝ´oN�kgÝ�Ã �O"
=V̂k = 1

n

∑
i X

k
i ´vk = EX k�Ã �O"

5: E (X k
i ) = vk .

���Ý�O(½MLE�O)´k �O(n¿©��§��ÃA.)
*** ì?Ã �Olimn E (θ̂n) = θ.
*** ��IO�s´k �O"

þ!©Ù�Ý�O: b̂ = 2X̄n´Ã �O, MLE�
OEx(n) = n/(n + 1)bØ´"

Ã �O�kéõ. 'X?¿θ̂ =
∑

aiXi ,
∑

ai = 1Ñ´Ï"�Ã 
�O"
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:�O�µ� k�5

����Ã �OMVU

Definition (k�5)

XJÓ��ëêθ�ü�ÚOþ÷vD(θ̂1) ≤ D(θ̂2), ¡θ̂1'θ̂2�k�"

Definition (����Ã �OMVU)

�½Ã �Oθ̂0, XJ?�Ã �Oθ̂÷v§D(θ̂0) ≤ D(θ̂), ¡θ̂0´��

��Ã �O"

��þ�´����Ã �OMVU"(�yµ�5�O¥����
�, �ÜN�]Ø�ª).

þ!©Ù�MLE�ODb̂ = n
(n+2)(n+1)2 b

2'Ý�ODb̂ = b2/(3n)�k

�"

*����Ã �OMVU´ÚOþ��n��O§k�'��35
½n"

***&Ò?n: �BÈÅì´�5�����Oì"
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:�O�µ� ��5

��5½�Ü5

�O��Ä�5�µÂñ5"

Definition (�Ü5)

�½ÚOþθ̂ = g(X1,X2, . . . ,Xn)���Nþnk'§�P�θ̂n, XJθ̂n�

VÇÂñ�θ(=θ̂n
p−→ θ), ¡θ̂n´θ��Ü�Oþ(½���O)"

Theorem (Ý�O�Ü5)

��Ý�VÇÂñ��ÅCþ�Ý"í2�

kg(v̂1, v̂2, . . . , v̂k)
p−→ g(v1, v2, . . . , vk).

¤±¤kÝ�OÑ´�Ü�O"

***¯¢þÝ�O±VÇ1Âñ. Ï~¡�r�Ü�O"

����´�Ü�O"S2 p−→ σ2. AO�/(��©Ù) P196~4.

***���MLE�O3�½^�e�´�Ü�O"
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:�O�µ� ��5

~f

EXAMPLE

�oN©Ù´�ê©Ùε(λ). Pëêθ = 1/λ. K
(1) X̄n´θ�Ã �O¶(2) Z = min(X1,X2, . . . ,Xn),KnZ´θ�Ã �
O¶(3) X̄n'nZ�k�(����).

)�:.

(1),(2)���y
(3) D(X̄n) = θ2/n, D(nZ ) = θ2.
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��

�Ê�á:
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«m�O «m�O

�&«m

Definition (�&«m)

b½�Ñü��Oθ̂1, θ̂2, ¦��½α,÷vP(θ̂1 ≤ θ ≤ θ̂2) ≥ 1− α,
¡[θ̂1, θ̂2]�θ��&Y²�1− α��&«m"

5¿θ̂1, θ̂2´�ÅCþ(«m´�Å«m!)§θ´�½��ëê"
P(θ̂1 ≤ θ ≤ θ̂2) = P(θ̂1 ≤ θ

⋂
θ ≤ θ̂2), �9ü��ÅCþ�©Ù"

Ï~·��Ñ:�O�þeØ���5�Oü��O,
'X��«m[θ̂ − a, θ̂ + b] ½'~«m[θ̂/a, θ̂ ∗ b], a, b ≥ 1.
AOXJa = b,P�θ̂ ± b§bq¡�Ä�Ø�"

À�«m÷vVÇ�ª: P(−b ≤ θ̂ − θ ≤ a) = 1− α,
®�θ̂�©Ù§K�&Y²1− αû½a, b, l
�&«m���"

�&«m�ªÇ)º: θØ�½3«mS! �­EÄ�����&«
m¥kVÇ(1− α)�«m�¹θ.
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«m�O �&Y²�e© ê

�&Y²�e© ê

Remark (d�Oθ̂, N�O�Ä�Ø�a, b?)

�{: =�EVÇ«m÷vµP(−b ≤ θ̂ − θ ≤ a) = 1− α.
�®�ÚOþθ̂ − θ�©ÙF (x)(Ù¦ÚOþë�þ�«m�O)¶
KPe© êF (xα/2) = α/2,F (x1−α/2) = 1− α/2,
�−b = xα/2, a = x1−α/2, =�"

·�¡[θ̂ − x1−α/2, θ̂ − xα/2]´�&Y²�1− α'uθ��&«m�.

5¿µ·���«m¦�θ̂3[θ − b, θ + a]ü>�VÇ��(α/2)"��
±Ø��"

A^¥µXJ©Ù´'u0:é¡�,K−xα/2 = x1−α/2,

=«m�[θ̂ − x1−α/2, θ̂ + x1−α/2]"¡x1−α/2´�.�"

���©Ù�IO��©Ù½t©Ù"�&Y²�0.95,0.99.
�α = 0.05,KZ1−0.025 = 1.96§α = 0.01,KZ1−0.005 = 2.58.
aq�½Â: üý�&«m�O: P(θ̂ ≥ θ) = 1− α
½P(θ̂ ≤ θ) = 1− α. éA«m�[−∞, θ̂]½[θ̂,+∞].
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«m�O ��oN�«m�O

Y~©Û�

EXAMPLE (ÿþØ�)

·����mÚE�X:µ"b�§ÝO�ÿþ
�Ñl��©ÙN(µ, σ2). ^��ÿþØ�
�e = 0.0048�§ÝOÿþ21g(êâÑ). O�
k��þ�X̄n = −0.546,��IO�S = 0.005.

�±�Ñ�Oµ̂ = X̄n = −0.546,
σ̂2 = S2 = 0.0052;

b�®�σ = e = 0.0048,Kµ��&Y²
�95%��&«m�
[X̄n − 1.96σ/

√
n, X̄n + 1.96σ/

√
n];

b�σ��,Kµ��&Y²�95%��&«
m�[X̄n − 2.086S/

√
n, X̄n + 2.086S/

√
n];

��σ2��&Y²�95%��&«m�
[ (n−1)S2

χ2
1−α/2

(n−1)
, (n−1)S2

χ2
α/2

(n−1)
] ≈ [0.0038, 0.0072];

éA�ÚO¯K:

:�O

(®���)���
eþ��«m�

O¶

(����)���
eþ��«m�

O¶

���«m�O¶
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«m�O ��oN�«m�O

þ��O:z , t© ê

�oN©Ù´��©ÙN(µ, σ2), N��Ñµ���«m�Oº
����§rb½σ = 0.0048 r

1 :�Oµ̂ = X̄n = −0.546,σ̂2 = S2 = 0.0052;
2 ÚOþ©ÙµX̄n ∼ N(µ, σ2/n); (���/d¥%4�½n%C)
3 �½95%��&Ý,Àé¡VÇ«m,�© êLZ1−0.025 = 1.96"

VÇúªP(|X̄n − µ| ≤ b) = P( |X̄n−µ|
σ
√
n
≤ z1−0.025) = 0.95

4 b = 1.96σ/
√
n,¦)Ñ�&«mþe�±b = 0.002"

µ ∈ [−0.546− 0.002,−0.546 + 0.002].

���¹����§No�? ^����"

ÚOþ©Ùµrb�oN´��©Ùr,K X̄n−µ
s/
√
n
∼ t(n − 1).

�&Y²1− α = 0.95,�é¡«mP( |X̄n−µ|
s
√
n
≤ t1−α/2(n − 1)) = 0.95

�Lt1−0.025(20) = 2.086.
¦)b���&«m�[−0.5483,−0.5437].

`²µ±þt© ê�z© ê��O�Øõ(��),Ï�n ≥ 33����
©Ù�C¶��^u����O"
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«m�O ��oN�«m�O

���Oµχ2© ê

§ÝO�Ñ�ÿþØ�e = 0.0048´ÄO(? ^������O"

1 :�O: S2 = 0.0052;

2 ÚOþ©ÙµoN´��©Ù§����Ñlχ2©

Ù§(n − 1)S2/σ2 ∼ χ2(n − 1)

3 ��&Y²1− α = 0.95,ÀJVÇ«m
P(χ2

α/2(n − 1) ≤ (n−1)s2

σ2 ≤ χ2
1−α/2(n − 1)) = 0.95

�Lχ2
0.025(20) = 9.591, χ2

1−0.025(20) = 34.170,

4 ¦)«mþe�, ��σ2�«m�O[0.00382, 0.00722].

�'`²µ

�±��IO�σ�«m�O[0.0038, 0.0072]. 5¿Ù'
us = 0.005��é¡5"

duχ2�é¡5§«m�ÀJkéõ«§·��ÀJ=='�N´

O�§Ø�½´�á�«m"
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«m�O ��oN�«m�O

Ù¦«m�O¯K***

EXAMPLE (oN'~�O¯Kµ@êN�")

��Æ)¯@ê�'~p"Ä�n�<, Ù¥m�<¯@ê"
:�Op = X̄n, oN©Ù���©Ù§n¿©�§^��©Ù%C§
�«m�O: X̄n ± z1−α/2

√
X̄n(1− X̄n)/n.

«m���nµ�Ä�Ø�d, d = 0.03, 0.02, 0.01; n = 1068, 2401, 9604.

���oN�«m�Oµ^��oN%CO�:

þ��O: ��®�§k¥%4�½n§

þ��O: ����: ����/t©Ù, �^��©Ù%C(n ≥ 30).

���O: ���oNv{�O§kÙ¦ÚO�{¶χ2u�,
ANOVA��©Û.

ü�(õ�)��oN�'��Oµ

ü�oN�þ��µÑl��©Ù½,«t©Ù§�6�ü�oN
���&E"

ü�oN���'µÑlF (m, n)©Ù"
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«m�O ��oN�«m�O

��

�Ê�á:

P207 SKl10.11.13.14
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Week 13 : b�u�

1 b�u���n

¢Síä�n

u��Ø:wÍ5Y²
b�u��¯K

2 ��oN�ëêu�

þ�u�

��u�

Ù¦ÚO�{

ÜgN (BUAA) VÇÚO��ÅL§ December 10, 2010 2 / 19

Reviewµ£�

Last Week:

�O(ÚOþ)�µdIOµÃ
 , k�§��"

«m�O��&Ý¶

þ�����«m�O;

This Week:

b�u���n

����oN�ëêu�

Ù¦ÚO�{;
«m�O→ b�u�
O�K→ �äK(½ÀJK)
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b�u���n ¢Síä�n

{üÚOûü�L§:¢Síä�n

^����ÚOþ��: ”ÀJ�ä” 'u��&E��U.

EXAMPLE ({üb�u��L§)

�ÑH0,H1ü�b�
sampling−−−−−→ X1,X2, . . . ,Xn

T−→ TÚOþ�©

ÙPH0(T ),PH1(T )
decision−−−−→ |^T̂ ÀJH0½H1.

¢Síä�n: XJ��é�VÇ¯�(wÍ�¿	)u)
§`²
b��3ØÜn�"

b�u���y{:

~fµÄ�N�: p´¯@ê�'~�U�0.4, 0.5, 0.6. N�100<
k60<¯@ê"¯p��U´�o? ”�½”Ø´0.4, �Ø�½
´0.6, 0.5.
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b�u���n ¢Síä�n

Karl Popper: 1�n5ÌÂ

k�#X��#ÅÊ�ù¬

(1902c7�28F¨1994c9�17F¤
��­V����ÆóÆ[¶

�ÆïÄ→ �<ÀJ→ �¬
y�ÌÂ→ Á�→ m��¬"
In search of a better world.
”ÏL�£¼�)�”.
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b�u���n u��Ø:wÍ5Y²

ûü�Ø�wÍ5Y²

�½ü�b�H0,H1, {ü�Å��Úu�ÚOþT = g(X1,X2, . . . ,Xn).

Definition (áý�)

�½«�W, b½H0¤á§XJÚOþ��t = gH0(x0, x1, . . . , xn) ∈W,
KíäH0Ø¤á(H1¤á)"¡W�áý�"

��¡H0�b�½"b�§H1��Jb�¶F"y��b�!
Ï~«��¤W = {t : |g(X1,X2, . . .Xn)| > t0}. t0¡��.�"

�.�d¯k(½�¯��VÇ��û½"=PH0(t > t0) = α, ¡
�(ÚO)wÍ5Y²"Ï~��0.05, 001, 0.1.

Definition ({üûü�üa�Ø)

XJý¢�¹e§�b�´�(�§·�Ä����(ØÄ½�b�§

¡�1�a�Ø¶XJý¢�¹e§�b�´�Ø�§·�Ä����

(ØØáý�b�§¡�1�a�Ø¶P1�a�Ø�VÇ�α,1�a
�Ø�VÇ�β; wÍ5Y²=1�a�Ø�VÇ"
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b�u���n u��Ø:wÍ5Y²

~f: M1´Ä´þ!�º

EXAMPLE (M1�ú²5)

�½��M1§¯Ù´Ä´ú²�º=ÝM1��¡�VÇ�0.5.
�ÝM1100g§Ù¥31g��¡.

)�:

b�H0 : p = 0.5 vs H1 : p 6= 0.5

½ÂT = 1
n

∑
Xi , Xi ∼ B(1, p). KnT ∼ B(n, p).

�wÍY²α = 0.05,Káý�: P(|T − p| > t0) = α = 0.05.
|^Z = T−p

σ/
√
n
∼ N(0, 1), z0.975 = 1.96. Úp = 0.5!!!

| T−p
σ/
√
n
| > 1.96, O�k|T − p| > 1.96σ/

√
n, t0 = 0.098.

�ä: |T − p| = 0.19 > t0§¤±�b�Ä½§(ÚOwÍ¿Âe) M
1Ø´ú²�"

`²µXJT = 0.41QºØ��"wÍ5Y²0.1, 0.01? P��0.07.
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b�u���n u��Ø:wÍ5Y²

b�u��a.

~�b��a.µ

ëêu�: H0 : θ ∈ D vs. H1 : θ /∈ D,D´��8Ü"

�ëêu�: H0 : F = F (x) vs. H1 : F 6= F (x),F (x)´��©Ù¼
ê"

ëêu��a.

V>ëêu�: H0 : θ = θ0 vs. H1 : θ 6= θ0.

ü>u�¶

�>u�H0 : θ ≥ θ0 vs. H1 : θ < θ0.
m>u�H0 : θ ≤ θ0 vs. H1 : θ > θ0.
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b�u���n b�u��¯K

***b�u��eZ¯K

1 �Ø´Ø�;��"�Ñ��þ��,  �1�a�Øα§¬\�1
�a�Øβ. ·�Ï~��1�a�Ø���"

2 b��ÀJ: H0À�{¤êâ�½½�ÅÀJ"==�k¿©yâ

Ä½�b�§âæ^�Jb�,ù��Ø��d��"
3 (Ø: XJ�VÇ¯�u),�±Ä½�b�. XJ�VÇ¯�vk
u),ØU�½�b�.�U`²vk¿©yâ§I�?�Ú�	!

4 wÍ5Y²: α = 0.05,½0.06k«Oíº7L�	¢SA^��
µ"

A^�¸Ø:

ÚOwÍ5�¢SwÍ5:
��þ¿©��§��¬��ÚOwÍ5§áý�b�"

ÚOwÍ57L�¢S¯K�(Ü�Ä¯K"'X�É´Ä­

�(²L�Ä)"ÚOwÍ5==´1�Ú§·�I�?�Úuy�
�ok�Éº

ØUé��êâ�õgb�u�"'X���gu�§é�Uk�

g�u�(J´wÍ�"
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b�u���n b�u��¯K

��

�Ê�á:

P236 SKÊ1.
Ö¿: �â±e{¤êâ(�¡ê/ogê)§�äÙM1´Äú
²p = 0.5"α = 0.1, 0.05, 0.01.

De Morgan ���µ1061/2048

Æ´Buffonµ2048/4040

John Kerrich: 5067/10000

¤VFeller: 4979/10000;

ÛùâÅdÄ40173/80664;
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b�u���n b�u��¯K

¯<�ýÿµÚOg�

�ä¢Û:
�µ>fe�: �3p?ÚO�{
±0.95VÇýÿ(v¥½;¥)'m(
J"

1�µýÿµ¤õ!
1�µýÿµ¤õ!
1nµýÿµ¤õ!
1oµýÿµ¤õ!
1Êµýÿµ¤õ!
18µ&µ�®±200�ï·���
{"

VÇg�: Êg¤õ�V
Ç0.55 ∼ 0.0313;
�UkS4º��ï!!!

ÚOg�: ¢fu8000µe�,
��ßAI§��ßBI¶
1�gµ=u#ýÿ�4000�
���((J�<¶

1ngµu�2000<¶1o
gµu�1000<¶
1Êgµu�500<"���a
�>eu�250<=�!

¢Síä�n: ==´�g��
ä"

��þÁ�K�VÇ¯�7,u

)"
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��oN�ëêu�

Y~µ�þu�

EXAMPLE (case study:x0��þu�)

�[: F")��z�x0��þÑl��©ÙN(500, 0.8).
û[: F"���x0Ø�á6�ü"z�x0��500�"
Ä�9�§O�kX̄n = 499.412, s = 0.676"

�[: b�u�Åì�~ó�"

þ�u�: H0 : µ = 500vsH1 : µ 6= 500
��u�(J: ÅìØ�~"α = 0.05

��u�: H0 : σ2 = 0.8vsH1 : σ2 6= 0.8
½ü>��u�: H0 : σ2 ≤ 0.8vsH1 : σ2 > 0.8
χ2u�(J: Åì´Ä�~Ø(½"

û[µþ�u�: H0 : µ = 500vsH1 : µ 6= 500
tu�(J: �þØ´500�"α = 0.05

ü>þ�u�: H0 : µ ≥ 500vsH1 : µ < 500
tu�(J: �þØv500�"α = 0.05
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��oN�ëêu� þ�u�

þ�u�µ��u�

�[: b�u�Åì�~ó�"

b�H0 : µ = 500vsH1 : µ 6= 500

rb�oN´��©ÙN(500, 0.8) r, u�ÚO

þZ = X̄n−500√
0.8/n

∼ N(0, 1)

XJH0¤á§|Z |AT'��§��AT'��¶
AO�α = 0.05§¦�P(|Z | > zα/2) = α = 0.05, =|Z | > 1.96��
�VÇ¯�.

�\êâ§|Z | = |(499.412− 500)/
√

0.8/9| = 1.97 > 1.96,
�VÇ¯�u)
§ATÄ½�b�§=µ 6= 500.

`²:

{|Z | > zα/2}¡�áý�§u�ÚOþ uÙ¥Káý�b�"
XJT¯�u)§¡u��wÍ�"¦^��©Ùû½áý�§¡

���u�"

y�ÚO^��±O�|Z | ≥ 1.97éA�VÇP = 0.0488"
duP < 0.05Ä½�b�§¡�P�u�"
ÜgN (BUAA) VÇÚO��ÅL§ December 10, 2010 13 / 19

��oN�ëêu� þ�u�

���þ�u�µtu�

û[Ø�U����§�^����§éAktu�

b�H0 : µ = 500vsH1 : µ 6= 500

rb�oN´��©Ùr§K����Ñlχ2©Ù¶Ku�ÚO

þT = X̄n−µ
s
√
n
∼ t(n − 1).

XJH0¤á§|T |AT'��§��AT'��¶
aq�Lkt0.025(8) = 2.306, O�|T | = 2.609, ?uáý�§Ä½�
b�"

^Pu�§P(|T | > 2.609) = 2P(T > 2.609) = 2 ∗ 0.01559 ==
0.03118 < 0.05,Ä½�b�"

û[�±kndáýT1x0íº

Ù¢µ > 500´�±�É�"
·��'%µ < 500,¡�ü>u�"
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��oN�ëêu� þ�u�

���þ�u�µü>tu�

X̄n = 499.412,c¡tu�wÍ§·�~¦á6�ü!

b�H0 : µ ≥ 500vsH1 : µ < 500

rb�oN´��©Ùr§Ó�T0 = X̄n−µ
s
√
n
∼ t(n − 1).

u�ÚOþT = X̄n−500√
0.676∗9�©Ù��!

�´XJb�H0¤á§T ≥ T0 = X̄n−µ√
0.676∗9 .

���T�VÇ, XJT > T0, À�>«m!!!(��¡)º)
kP(T < −t0.05(8)) ≤ P(T0 < −t0.05(8)) = 0.05

�L−t0.05(8) = −1.86, T = −2.609 < −1.86,¤±Ä½�b�§
=T1�¬�þØv"

�'`²µ

���b��±´H0 : µ ≤ µ0,H0 : µ = µ0,H0 : µ ≥ µ0

1�§n�/Ñ^ü>(t)u�"

ü>�V>u��L�© êØÓ!

1�«�/(Y~�¤: ÚEçY¬UCX:−0.545 (Cp)"
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��oN�ëêu� ��u�

��u�µχ2u�

�['%�þ���­:´�����"ÅìØ�~ó��,��I�

´�þØ­½§¢S���"

b�H0 : σ2 ≤ 0.8vsH1 : σ2 > 0.8

oN´��©Ù§����Ñlχ2©

Ù§ξ0 = (n − 1)S2/σ2 ∼ χ2(n − 1)

XJb�H0¤á§u�ÚOþξ = (n − 1)S2/0.8 ≤ ξ0.
���ξ�VÇ, XJξ ≤ ξ0, Àm>«m!!! (��¡)º)
P(ξ > χ2

0.05) < P(ξ0 > χ2
0.05) = 0.05

�ü>áý�ξ ≥ χ2
0.05, KÙu)VÇ�u0.05.

�Lχ2
0.05(8) = 15.507,O�ξ = 8 ∗ (0.676)2/0.8 = 4.57 < 15.507 Ø

Uáý�b�"

`²TÅì��þ'�­½§Ì�¯K´þ�!(Ýþ¯Kº)

�'`²µ

éA���±^P�u�¶

��±k�χ2V>u�.(JÓ�ØwÍ"
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��oN�ëêu� ��u�

ü>u��áý�µ)º

�ü>u�H0 : µ ≤ µ0½H0 : µ ≥ µ0

ü>u��ÚOþT´��©Ù(µkØÓ��)"������½�
��éA�©ÙT0 : µ = µ0k��'X"äN�¹�c¡ü�µ

XJ�ÅCþT > T0,Kk©Ù¼êFT (x) ≤ FT0(x),
=P(T < x) ≤ P(T0 < x)¶(y²: ¯�{T < x} ⊂ {T0 < x}.)
©Ù�Ýã�wµT�©Ù�Ý¼ê3T0�m>"

XJ�ÅCþT > T0, ATÀ�>«��áý�§Ï�áý��V
ÇP(T < x)kP(T0 < x) = α��. eÀm>«�§KÃ{��"

(aq)�ÅC
þT < T0,kFT (x) ≥ FT0(x)=P(T > x) ≤ P(T0 > x).
`²: ¯�{T > x} ⊂ {T0 > x}. ã�þT�©Ù�Ý¼ê3T0�

�>"

XJ�ÅCþT < T0, ATÀm>«��áý�§Ï�áý��V
ÇP(T > x)kP(T0 > x) = α��. eÀ�>«�§KÃ{��"
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��oN�ëêu� Ù¦ÚO�{

Ù¦u��ÚO¯K***

ü�½õ���oN�b�u�(���oN^��oN%CO�):

ü�¤éoN�þ��: Ñlt©Ù;

ü�oN�þ��µÑl��©Ù½,«t©Ù§�6�ü�oN
���&E"

ü�oN���'µÑlF (m, n)©Ù"

Ù¦u�: ©Ùu�§�u�(Wilcox),  Ý§¸Ýu�¶

b�u��«m�O�'X: α´��¶
XJb�¤áθ = θ0,Káý��½Â��&«m�	¡!

�'©Û: ^sxy �Oσxy ;
�5£8©Û:Y = aX + b b�u�: b = 0;

��©Û: ���oNv{�O§kÙ¦ÚO�{¶χ2u�,
ANOVA��©Û.

Ä��{U?µbootstrap l����¥��eZ�gÏ��
(z��gÏ��ÏL3��¥k�£Ä�ng��);
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��oN�ëêu� Ù¦ÚO�{

��

�Ê�á:

P236 SKÊ2.3.4.5
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Week 14 : �ÅL§

1 ���ÅL§

½Â

�ÅL§�VÇ©Ù

2 �ã|L§�ÑtL§

�ã|L§

ÑtL§

3 �ÅL§�êiA�

þ����¼ê

g�'�p�'¼ê
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Reviewµ£�

By now:

VÇ�.→ �ÅCþ
�ÅCþ�A��4�½n¶

ÚOA��ÚOíä¶

This Week:

�ÅL§�Vg

�ã|L§�ÑtL§:

�ÅL§�A�µ
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���ÅL§ ½Â

)¹¥��Åy�

�¦d�µ

→ �mS�©Û,
Black-Scholes úª

eÛè�, /�ýÿ¶
→ OêL§§ÑtL§§üè
Ø¶

�Åir,ÙK$Äµ→ ��L
§(�BL§), ê��ÅL§¶

&Ò?n:
→ ²­L§

ÜgN (BUAA) VÇÚO��ÅL§ December 17, 2010 4 / 19



���ÅL§ ½Â

�ÅL§�½Â

Definition (�ÅL§½Â�)

�ëê8T ∈ (∞,∞), �½t ∈ T,X (t)´���ÅCþ, ¡¤k�(�
q)�ÅCþ��ÅL§"�±w¤����¼êX : Ω× T → R.

Definition (�ÅL§½Â�)

��ÅÁ��g���´��¼êx(t), ¤k�U�Á�(J´�q¼
êx(t), t ∈ T. ¡����ÅL§X (t)(�Å¼ê). ëê8T ∈ (∞,∞).
��¼êx(t)¡���¼ê"

(nØ): �ÅL§=�q�'��ÅCþ¶(�w¤Ã¡��Å�þ)

(A^): �ÅL§�w¤¤kÁ�(J(��¼ê)���oN©Ù"

ëê8T��´�m§��±´�m(�aã�)"
G��m: ��¼êX : Ω× T → R���¡�G��m¶

{ü&ÒµX (t) = A cos(ωt + θ) + N(t).
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���ÅL§ �ÅL§�VÇ©Ù

�ÅL§�VÇ©Ù

Definition (�ÅL§�n�VÇ©Ù)

�½ëê8T¥n�ëêt1, t2, . . . , tn, K�ÅL§3ØÓëê��ÅC
þX (ti )kn�éÜ©Ù¼êF (x1, x2, . . . , xn; t1, t2, . . . tn) = P(X (t1) ≤
x1,X (t2) ≤ x2, . . .X (tn) ≤ xn)§¡Ù��ÅL§�n�©Ù¼ê"AO
XJkéÜ�Ý¼ê§¡Ù��ÅL§�n��Ý¼ê"

�ÅL§�¤k&E3ÙVÇ©Ù¥(�ên = 1, 2, . . . ). ��g�
ÅÁ��������¼êéJí�Ñ©Ù&E"

Õá�ÅL§: ?¿n�����ÅCþ´�pÕá�"KVÇ©Ù
d��©Ù��û½"

ë�µ�ã|L§(S�). =Øä�M1Á�"

{ü�ÅL§: X (t) = X + f (t).

�ÅL§�$��EÜ: X (t) + Y (t).
���7L�	ü��ÅL§�éÜ©Ù¼ê(éE,);
XJü��ÅL§p�Õá§K©Ù¼ê{z�©Ù�¦È"
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���ÅL§ �ÅL§�VÇ©Ù

�ÅL§�©a

UëêÚG��m©a

lÑëê+lÑG�µ�ã|L§, ê��Åó(lÑ)

ëYëê+lÑG�µÑtL§, )«L§§ê��Åó(ëY)

lÑëê+ëYG�µlÑ�m&Ò((Ñæ�)¶�mS�¶

ëYëê+ëYG�µëY�m&Ò((Ñ�)¶�BL§¶ÙK$
Ä¶ê��ÅL§¶

UVÇ©Ù�(�A�©a¶

��ÝL§: ��L§§°²­L§¶

ê��ÅL§: ê��Åó§)«L§§üèØ¶

ÕáOþL§: �ã|L§§ÑtL§§�BL§¶

�#L§§�...
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�ã|L§�ÑtL§ �ã|L§

�ã|L§

EXAMPLE (�ã|S�)

X (n), n = 1, 2, . . . , ?�n,X (n) ∼ B(1, p),�´Õá�ÅL§"

~��M1, ��f((J�6½�6),O�ÅG�(a½Øa)

n�éÜ©Ù: ´2n�:þ�lÑ©Ù(Õá©Ù�¦È)"
����¼ê´��S�HTTTHHTT ...

Õá5�ÃPÁ5: ?¿ü|ØÓ����ÅCþE
Üg(X (t1),X (t2), . . . ), h(X (s1),X (s2), . . . )p�Õá"
AO�5Á��y3ÚL�Õá"?���m©�#�ã|L§�

�5�ã|L§´���(©Ù)"(¡�L§�­#m©).

�'�OêL§: N(n)P���n�Á�¤õ�g
ê¶N(n) ∼ B(n, p). AOÄg¤õgêT (1)ÑlAÛ©Ù"1kg
¤õgêY = T1 + T2 · · ·+ TkÑlK��©Ù(ødk©Ù);

�ã|L§��d½Â: lÑ��L§:zg�����gêÑlÕ
á�AÛ©ÙTi¶���mYk = T1 + T2 + · · ·+ Tk .
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�ã|L§�ÑtL§ �ã|L§

�ã|L§~f***

EXAMPLE (e�)

�e��2ge��UêÑlëê�p�AÛ©Ù§K¯²UÚe±�
Ó�e��VÇ"q¯ëYe�ÔU§¯����UØe��VÇº

)�: �±^AÛ©Ù��O�(?).
�e��±wÑëê�p�ã|L§(��),K3?�Ue�VÇ�p,p
�Õá§?üUe�VÇ�p2

"

�ã|L§´�±­#m©�§ÔU��@UØe�VÇ�´1− p.

EXAMPLE (�²�'m�m)

��²z©¨�5�VÇ�p,ØÓ©¨S�5´Õá�"�²�58g
Ò¬ve"b��²Ø>E§K¦Ù'm�m�©Ù"(�õ48©¨).

)�: �5gê´�(��)�ã|L§; 'm�mZ = min(Y6, 48).
AOZ = 48VÇP(Y6 ≥ 48) = 1−

∑47
i=6 P(Y6 = i),

P(Y6 = m) = C 5
m−1p

6(1− p)m−6(ødk©Ù).
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�ã|L§�ÑtL§ �ã|L§

��

�Ê�á:

P282 SK��1.2.3.4
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�ã|L§�ÑtL§ �ã|L§

Quiz �ÿ�o

1 �X1,X2, . . . ,Xn´��oNX ∼ N(µ, σ2)���,
�C = ()�,µ̂2 = X̄ 2 + cQ2´µ2�Ã �O§Ù

¥X̄ = 1
n

∑n
i=1 Xi ,Q

2 =
∑n

i=1(Xi − X̄ )2.
£A¤− 1

n(n−1) ,£B¤− 1
n−1 £C¤− 1

n2 £D ¤− 1
(n−1)2 "

2 -X1,X2, . . . ,Xn;Y1,Y2, . . . ,Ym©O�N(µ1, σ
2),N(µ2, σ

2)�{ü
��, PX̄ = 1

n

∑
i Xi , Ȳ = 1

m

∑
j Yj , S

2
1 = 1

n−1

∑
i (Xi − X̄ )2. Á¦µ

£1¤X̄Ñl�©Ù§ȲÑl�©Ù¶£2¤ X̄−Ȳ−(µ1−µ2)

σ
√

1/n+1/m
Ñl�©

Ù¶£3¤T = X̄−Ȳ−(µ1−µ2)

S1

√
1/n+1/m

Ñl�©Ù"

3 �â�þN���§·Ièx¤cIf�óÈ²þ�72g/©§I
O��6.75 g/©§yl,N�I)¥§�ÅÄÑ25<§ÿ�²þ
óÈ�69.3g/©"�â²�óÈÑl��©Ù.XJIO�ØC§
Á¯TN�I)�óÈ���èx¤cIf�óÈkÃ�Éº

u�Y²α = 0.05, (®�Z0.95 = 1.645,Z0.975 = 1.96; t0.95(24) =
1.7109, t0.95(25) = 1.7081, t0.975(24) = 2.0639; t0.975(25) = 2.0595)
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�ã|L§�ÑtL§ �ã|L§

Quiz �ÿ�o: �Y

1 (A). |^X̄ ∼ N(µ, σ2/n), EX̄ 2 = DX̄ + (EX̄ )2 = σ2/n + µ2

|^ES2 = σ2,EQ2 = σ2 ∗ (n − 1)2,O���"

2 X̄ ∼ N(µ1, σ
2/n), Ȳ ∼ N(µ2, σ

2/m).
KX̄ − Ȳ ∼ N(µ1 − µ2, σ

2(1/n + 1/m)),IOz����©Ù¶
q(n − 1)S2/σ2 ∼ χ2(n − 1), ��©ÙØ±k�©Ù��t(n − 1)©
Ù"

3 H0 : µ = 72.vs.H1 : µ 6= 72; u�ÚOþZ = X̄−µ
σ/
√
n
∼ N(0, 1);

u�Y²éA© êz0.975 = 1.96,O�
k|Z | = 2.7/6.75 ∗ 5 = 2 > 1.96, u�wÍ§Ä½�b�§k�É"
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�ã|L§�ÑtL§ �ã|L§

��±r2010cÝ<Ô

Mark Zuckerberg(1984,5,14)
26��ê�#S�Ë�´MÃ
�ÆO�ÅÚ%nÆ;�NÆ

)"

2004cM�{I���
ÕFacebook, Facebook�5þ<
ê®â»5·§½��1800·{
�.

2010 ê��3ÆÇ�§=ò�
¯¥I"

ÜgN (BUAA) VÇÚO��ÅL§ December 17, 2010 13 / 19

�ã|L§�ÑtL§ ÑtL§

ÑtL§

EXAMPLE (Ñt6)

¡�����t1, t2, . . . ,�L§�rÝ�λ�Ñt6, XJ��üg��
�m�©ÙÑlëê�λ��ê©Ù��pÕá"N(t)�����ê§
¡�ÑtL§"

~�: ¯��u),����5¶
n�éÜ©ÙºN(t)Ñlëê�λt�Ñt©Ù"
Äg��Ñl�ê©Ù§kg��Yk = T1 + · · ·+ TkÑlΓ©Ù"
ÕáOþ�ÃPÁ5: Ï��ê©Ù�ÃPÁ5, ?���m©�
#ÑtL§��5ÑtL§´���(©Ù)"(L§�­#m©).
ÕáOþµN(t2)− N(t1)ÑlP(λ(t2 − t1))�N(t1)− N(t0)´p�
Õá"

ÑtL§��d½Â:: �ã|L§�ëYz
(1)3�Ó�m�ÝτSkg��VÇ��P(k , τ)
(2)ØÓ�mãS��ê8p�Õá¶
(3)�«mVÇP(0, τ) = 1− λτ + o(τ),P(1, τ) = λτ + o(τ).
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�ã|L§�ÑtL§ ÑtL§

ÑtL§~f***

EXAMPLE (üè)

üè��VÇ:�kn�I�§n�<�3�n§z�<��n�mÑ
l�ê©Ùε(λ), �\´e��§K\�����VÇ´1/3.

)�: ÑtL§�ÃPÁ5, \m©�n�§��un�<Ó�m©��
#�ÑtL§¶n<ÑÖ�m�©Ù��§\��lm�VÇ�1/3"

EXAMPLE (Õ1����m)

�\?\Õ1�Ò,��k50�<3��"�²þz©¨�±ÑÖ�ü
�<§¯\Ï��õ��mº���m�L30©¨�VÇ´õ�º

)�: ÑÖ�mÑlλ = 2��ê©Ù§lm�L§´ÑtL§"
N(t) = 50ÑlΓ©Ù§Ï"��ê©Ù�Ï"Ú50 ∗ 1/λ = 25©¨"A
O���m�L30©¨�VÇP(Yk ≥ 30) =

∫∞
30 fΓ(50)(x)dx .

ÜgN (BUAA) VÇÚO��ÅL§ December 17, 2010 15 / 19

�ÅL§�êiA� þ����¼ê

þ����¼ê

Definition (þ����¼ê)

�½�ÅL§X (t), ½Âþ�¼êµ(t) = E (X (t)) =
∫∞
−∞ xf1(x ; t)dx; �

�¼êDX (t) = E ((X (t)− µ(t))2), AOP��ÝEX 2(t)�þ��¼
êΨ2

X (t)"

�±½Â�ÅL§�n�Ý. ��=�	��Ý§AOXJ�ÅL§
�¤k��Ý�3§¡Ù���ÝL§"

��L§: XJ�ÅL§�?¿n�©ÙÑ´��©Ù§¡���L
§"��L§��dÙ¤k��Ýû½"(�¹�¡�·ÜÝµg
�'¼ê)

EXAMPLE (�Å� �uÅ)

X (t) = A cos(ωt + θ),Ù¥θ´(0, 2π)þþ!©Ù"¦Ùþ����¼
ê"XJ�3DÑWN(t)3?���Ñl��©ÙN(0, σ2),ØÓ��p
�Õá"¦Y (t) = X (t) + WN(t)�þ����¼ê"
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�ÅL§�êiA� g�'�p�'¼ê

g�'�p�'¼ê

Definition (g�'¼ê)

�½�ÅL§X (t), ½Â��·ÜÝ�g�'¼
êRX (t1, t2) = E (X (t1)X (t2)), AO��¥%·ÜÝ�g���¼
êCov(t1, t2) = E ((X (t1)− µ(t1))(X (t2)− µ(t2))).

Proposition (Ý¼ê�'X)

Ψ2(t) = RX (t, t);Cov(t1, t2) = RX (t1, t2)− µ(t1)µ(t2)
DX (t) = Cov(t, t) = Ψ2(t)− µ2(t);

Definition (p�'¼ê)

�½ü��ÅL§X (t),Y (t),¡(X (t),Y (t))´���ÅL§(�3éÜ
©Ù¼ê); ½Â��·ÜÝ�p�'¼êRXY (t1, t2) = E (X (t1)Y (t2)).
aqp���¼êCovXY (t1, t2) = E ((X (t1)− µX (t1))(Y (t2)− µY (t2))).
AOXJp���¼êð�"§¡ü��ÅL§Ø�'"
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�ÅL§�êiA� g�'�p�'¼ê

O�~f

EXAMPLE (�Å� �uÅ)

X (t) = A cos(ωt + θ),Ù¥θ´(0, 2π)þþ!©Ù"¦�'¼êÚ���
¼ê"

XJ�3DÑWN(t)3?���Ñl��©ÙN(0, σ2),ØÓ��p�Õ
á"¦Y (t) = X (t) + WN(t)��'Ú���¼ê"

Proof.

µX (t) = 0,DX (t) = A2/2;
RX (t1, t2) = A2/2 cosω(t2 − t1) = CovX (t1, t2)
µWN(t) = 0,DWN(t) = σ2,RWN(t1, t2) = 0 ;
µY (t) = 0,DY (t) = A2/2 + σ2;
��DÑ�&ÒÕá§=p���¼ê�0§ùpp�'¼ê�0.
RY (t1, t2) = RX (t1, t2) + 0 = CovY (t1, t2).
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�ÅL§�êiA� g�'�p�'¼ê

��

�Ê�á:

P282 SK��5.6.11.12
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Week 15 : ²­�ÅL§

1 ²­�ÅL§�&Ò?n

½Â

�'¼ê�Ì�Ý***
�Å&Ò?n***

2 �BL§�7K©Û***
�BL§

�¦Ï�½dµBlack-Scholes úª

3 ²­L§���H{5
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Reviewµ£�

Last Week:

�ÅL§�Vg

�ã|L§�ÑtL§:

�ÅL§�A�µ

This Week:

²­L§

�Å&Ò?n

��(�B)L§�7K©Û¶

²­L§�ÚOA5: ��H
{5
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²­�ÅL§�&Ò?n ½Â

î�²­�ÅL§

Definition (î�²­�ÅL§)

XJé?�h, �ÅL§�?¿n�©Ù¼ê÷
vF (x1, x2, . . . , xn; t1, t2, . . . tn) =
F (x1, x2, . . . , xn; t1 + h, t2 + h, . . . tn + h),¡X (t)´î�²­L§"

`²µ�ÅL§�k��©Ù¼ê��m�å:ÀJÃ'"

5�:î�²­L§���©Ù�Ó§��©Ù=k6u�m�"
ÕáÓ©Ù��ÅL§7,´²­�"

~f: �Å�~�1�pÝH(t)´²­�, å�eü´Ø²­�"

�ã|L§X (t),xDÑL§WN(t)´î�²­�¶ÑtL§N(t)Ø
´"�Å� �uÅØ´"

Proposition (î�(��)²­L§�êiA�)

E (X (t)) = µ(X (t0)), E (X 2(t)) = Ψ2(X (t0)), D(X (t)) = D(X (t0));
E (X (t)X (t + τ)) = RX (τ),Cov(t, t + τ) = Cov(τ).
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²­�ÅL§�&Ò?n ½Â

°²­�ÅL§

Definition (°²­�ÅL§WSS,��²­L§)

XJ�ÅL§´��ÝL§§�÷v¡X (t)´E (X (t))´~ê,
E (X (t)X (t + τ)) = RX (τ)´τ�¼ê, ¡X (t)´(°)²­L§.

�â½ÂkDX (t)´~ê§Cov(t, t + τ)´τ�¼ê"

(ØµXJî�²­L§k��Ý§7,´°²­L§"

(Ø: ���°²­L§7,´î�²­L§"
(Ø: Ó©Ù,ØÓ��pØ�'��ÅL§´°²­�"

~fµ�Å� �uÅ´°²­L§"¢SA^¥�±b½3�ã

�mSÑ´²­�"

Definition (�ÅL§�²­�')

�½²­�ÅL§X (t),Y (t),XJp�'¼ê÷
vE (X (t)Y (t + τ)) = RXY (τ). ¡X ,Y´²­�'�½éÜ²­�"a
q�½Â�'Xê¼êρ(τ) = Cov(τ)/σXσy .
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²­�ÅL§�&Ò?n ½Â

°²­L§�~f

EXAMPLE (�Å>�&Ò)

�kü:©ÙP(X0 = 1) = P(X0 = −1) = 1/2ÚÑtL§N(t), t ≥ 0, ½
ÂX (t) = X0(−1)N(t), t ≥ 0�3t��u�>�&Ò(�6uÑtL§u
)gê�Ûó5). `²Ù´(°)²­L§.

)�.

�ü:©Ù�ÑtL§Õá§E (X (t)) = E (X0)E ((−1)N(t)) = 0
�h > 0, Cov(X (t),X (t + h)) = E (X (t)X (t + h)) =
E (X 2

0 (−1)N(t)+N(t+h)) = E ((−1)N(t)+N(t+h))
Cov(X (t),X (t + h)) = E ((−1)2N(t)+N(t+h)−N(t)) =
E ((−1)N(t+h)−N(t)) = E ((−1)N(h))

Cov(X (t),X (t + h)) =
∑∞

i=0 e
−λh (λh)i

i! = e−2λh.

h < 0, K(J´e−2λ|h|. R(h)´ó¼ê"
`²: X (t)�w¤��âf÷����Ý¼ê§N(t)Ò´âf�Uu)
-E���gê.
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²­�ÅL§�&Ò?n �'¼ê�Ì�Ý***

²­�ÅS���'¼ê�Ì�Ý***

²­�ÅL§�Ì�A�=���'¼êR(τ).�	²­�ÅS�"

Proposition (�'S��5�)

g�'S�R(n)Úg���Ý
Cov(n,m) = (R(m − n)),÷vé¡5Ú
�½5µ=R(n) = R(−n),Cov(n,m)´é¡�½(Ã¡)Ý
(¤kA��
�K). ���¹n¿©�§R(n)%C""

Definition (Ì�Ý)

�½²­�ÅL§X (t)9Ù�'¼êR(t),K
¡S(ω) = F(R(t)) =

∫
R(t)e−iωtdt�ÙõÇÌ�Ý"AO²­�ÅS

�k±Ï�õÇÌ�Ý"

õÇ
∫
X 2(t)dt → Ψ2 = 1

2π

∫
S(ω)dω.

xD(µR(n) = σ2δ(n), S(ω) = σ2.
�Å� �uÅ: R(n) = A2/2 cos(ω0n),
S(ω) = A2/2π(δ(ω − ω0) + δ(ω + ω0)).
ÜgN (BUAA) VÇÚO��ÅL§ December 24, 2010 7 / 16

²­�ÅL§�&Ò?n �Å&Ò?n***

�Å&Ò?n***

�Å&Ò��.: °²­����ÅS�(L§) X (n).

Wold©)½n: ?�²­L§x(n)�±�¤x(n) = xr (n) + xp(n),Ù
¥xr (n)´këYõÇÌ(�KL§)§xp(n)klÑõÇÌ(�ýÿL
§)"�E (xrxp) = 0(��). krx(k) = rr (k) + rp(k)"
��kARMA�.: XJ²­�Å&Ò÷
vx(n) = −

∑p
k=1 a(k)x(n − k) +

∑q
k=1 b(k)w(n − k), Ù¥w(n)´

xDÑÑ\;¡�ARMA(p,q)L§"g£8£Ä²þ�."

MA�.=ARMA(0,q)�.,x(n) =
∑

b(k)w(n − k),£Ä²þ�."
�K²­�ÅL§µ�9Ñ(Ø^(��Ä��Ñ).

AR�.: =ARMA(p,0)�.§x(n) =
∑

a(k)x(n − k) + w(n),�ý
ÿL§§�Ñ9¹(��Ä�9Ñ§[±Ï5¶lÑ�õÇÌ

�Å&Ò?n

&Ò©Û: Ì©Û§ARMA�.�Xê¦)¶

&Ò?n: ÈÅì�E(�5�ØCXÚ); �BÈÅì§KalmanÈ
Åì¶
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²­�ÅL§�&Ò?n �Å&Ò?n***

��

�Ê�á:

P305 SK��1.2.4.5
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�BL§�7K©Û*** �BL§

�BL§

Definition (�BL§,ÙK$Ä)

�½X (t), t ≥ 0,X (0) = 0´ÕáOþL§§=?¿t1 < t2 < · · · < tn,÷
vX (tn)− X (tn−1),X (tn−1)− X (tn−2), . . . ,X (t2)− X (t1),X (t1)´Õá
�§�÷vOþ�©ÙÑlN(0, σ2(ti+1 − ti )). ¡Ù��BL§½ÙK
$Ä"

ÙK$Ä´��L§. n�éÜ©Ù®�,?Û^�©ÙÑ´��©
Ù"σ = 1¡�IOÙK$Ä"

ÙK$ÄX (t) ∼ N(0, σ2t)Ø´²­L§"
Cov(t1, t2) = min(t1, t2)σ2.

�k^�VÇ�.��"A^u�¦d�§þfåÆ�"

~^�.: ÙK$Ä(�¤£) X (t) = µt + B(t) ∗ σ,Ù¥B(t)´IO
ÙK$Ä.
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�BL§�7K©Û*** �¦Ï�½dµBlack-Scholes úª

�¦d��Ï�

EXAMPLE (�¦�d��.)

b��¦�d�Cz(z©')´ÕáÓ©Ù�§K�¦d��Ï^�.
�AÛÙK$ÄµY (t) = eµt+B(t)∗σ

"

)ºµ�Y (0) = 1,Y (n)´n����¦d�§

K
Y (n)

Y (n−1) ,
Y (n−1)
Y (n−2) , . . . ,

Y (2)
Y (1) ,

Y (1)
Y (0)´ÕáÓ©Ù�"

PX (n) = Y (n)
Y (n−1) ,KY (n) =

∏n
i=1 X (i), logY (n) =

∑
i logX (i).

��logX (i)´ÕáÓ©Ù�(��©Ù), KlogY (n)�%C��ÙK$
Ä(�¤£)"

EXAMPLE (�¦Ï�)

���0�¦d�100���§��1��¦d��U´200½50�"eý
ÿ�¦d�´200�§F"y3±z�150��d�ý¾T�¦§K3�
�1z�J|50�"
�¦Ï�optionµ3�5��t±�½d�K	ï,�¦��|"
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�BL§�7K©Û*** �¦Ï�½dµBlack-Scholes úª

{ü�.�Black-Scholes Ù4�-��dúª***

Definition (�¦Ï��|ÜÝ]üÑarbitrage(@|))

�3��0	ïx��¦§y�Ï�§XJ�3Ý]üÑ3��17,I
a, ¡�arbitrage"Ï"�ÑÜn�Ï�d�¦�arbitrage@|Ø�3!

Arbitrage @|½n: ½ö�3arbitrage, ½ö�3��AÏ�VÇ©
Ù('u��1�d�)¦�?Û<�Ï"J|�""
~f: �z�(	ïdK = 150)Ï��d��c , ec = 50/3,KÃ<
?a"�c = 20,x = 1, y = −3,KValue = 50,J|�10.
���/µ�¦d�Y (t) = Y0e

µt+B(t)∗σ
§�Ä|E

�α,Ke−αtY (t)´��t�ý¢�¦d�"	ïd�K���Ï��
J|�Y (t)− K½0, Ù½dcAT÷vE (e−αt(Y (t)− K )+) = c . q
�¦	ï���¦�Ï"J|�",��E (e−αtY (t)) = Y (0),
kµ+ σ2/2 = α.
O�kc = Y0φ(σ

√
t + b)− Ke−αtφ(b), Ù¥φ�IO��©Ù¼ê,

b = αt−σ2t/2−log(K/Y0)

σ
√
t

. d={ü�.�Black-Scholes úª"
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�BL§�7K©Û*** �¦Ï�½dµBlack-Scholes úª

ý¢­.�7K©Û

Fischer Black(1938),
Myron Scholes(1941)

Robert Merton(1944)

1973cFischer Black, Myron Scholes u
LBlack-Scholesúª¶Robert Merton �Ñ
êÆí�(Merton�.).

1997cì��²LÆøÇ
�ScholesÚMerton"F.Black1995c�­"

1994cScholesÚMertonë�ïá�Ï]�
+nÄ7(Long-Term Capital Management),
1995-1998ccJ|Ç40%, 1998o��S�
�46·{�(�I²L�Å),2000c'4"

�Ï]�+nÄ7´7K�Å���cî

Ú²;Y~"
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²­L§���H{5

²­L§��m²þ

Remark (��¼ê�êiA�)

�ÅL§�����¼êØUû½�ÅL§�þ�¼ê½�'¼ê"{

ü�ÚOÄ��¦­E���þ��¼ê,ù´Øy¢�"
²­L§�©Ù��mÃ',�^ØÓ�mêâ�Oþ�½�'¼ê"

Definition (��¼ê��m²þ)

�½��¼êx(t),½Â�mþ�x(t) = limt→+∞
1
2t

∫ t
−t x(t)dt; �m�'

¼êR(τ) = x(t)x(t + τ) = limt→+∞
1
2t

∫ t
−t x(t)x(t + τ)dt;

**�ÅL§�È©: Y =
∫
X (t)dt´���ÅCþ! �w¤ØÓ�

�¼ê���È©��oN©Ù"

±þ�mþ�, �m�'¼ê�½Â3�ÅL§þ���ÅL§�
�mþ�(�ÅCþ)§�ÅL§��m�'¼ê(�ÅL§)"
�Å� �uÅ:X (t) = 0,X (t)X (t + τ) = A2/2 cosωτ . ��ÅL
§�þ�Ú�'¼ê��!
ÜgN (BUAA) VÇÚO��ÅL§ December 24, 2010 14 / 16

²­L§���H{5

²­L§�H{5ergodicity

Definition (²­L§�H{5)

�½²­�ÅL§X (t),XJ�mþ�X (t)
as−→ E (X (t)) = µX , ¡�ÅL

§�þ�k��H{5¶

XJ�m�'¼êX (t)X (t + τ)
as−→ R(τ),¡�ÅL§��'¼êk��

H{5¶

XJ±þü�H{5Ñ÷v§¡²­�ÅL§´H{�"

Ún:E (X (t)) = E (X (t)),

D(X (t)) = limt→+∞
1
t

∫ 2t
0 (1− s

2t )(RX (s)− µ2X )ds

½nµþ�H{⇔ limt→+∞
1
t

∫ 2t
0 (1− s

2t )(RX (s)− µ2X )ds = 0.

�'¼êH{⇔ limt→+∞
1
t

∫ 2t
0 (1− s

2t )(BX (s)− R2
X (τ))ds = 0,Ù

¥BX (s) = E [X (t)X (t + τ)X (t + s)X (t + s + τ)].

²­L§�:�Oµ(��´�ÅS��¦Ú).

µ̂X = 1
T

∫ T
0 x(t)dt; R̂(τ) = 1

T−τ
∫ T−τ
0 x(t)x(t + τ)dt.
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²­L§���H{5

��

�Ê�á:

P305 SK��6.8.9.11
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Week 16 : ê��Åó

1 ê��Åó

ê��ÅL§

àgê��Åó

àgê¼ó�VÇ©Ù

2 àgê¼ó�4�©Ù

G�©a

4�©Ù(²­©Ù)

3 A^

ÜgN (BUAA) VÇÚO��ÅL§ December 31, 2010 2 / 16

Reviewµ£�

Last Week:

²­L§

�Å&Ò?n

��(�B)L§�7K©Û¶

²­L§�ÚOA5: ��H
{5

This Week:

ê��ÅL§

ê��Åó�VÇ©Ù

lÑê��Åó�G��²­

©Ù

A^

Ùä�»��.µ
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ê��Åó ê��ÅL§

ê��ÅL§

Definition (Ã��5½ê��Å5)

�½�ÅL§X (t), ��t1 < t2 < · · · < tn, XJ�½^
�X (ti ) = xi , 1 ≤ i ≤ n − 1, X (tn)�^�©Ù¼
êP{X (tn) ≤ xn|X (t1) = x1,X (t2) = x2, . . . ,X (tn−1) = xn−1} =
P(X (tn) ≤ xn|X (tn−1) = xn−1),¡X (t)kÃ��5½ê��Å5§¡Ù
�ê��ÅL§"XJG�lÑ¡�ê��Åó"

5
: ÄåXÚ(�©�§Ð�¯K); �²­L§�{z�.¶

~f: Õá�ÅL§, ÕáOþL§(X (0) = 0)Ñ´ê��ÅL§"
�¹�ã|L§§xDÑL§§ÑtL§,�BL§"²­L§�
�Ø´"

©a: lÑ�mê��Åó(�ã|L§, �Åir); ëY�mê�
�Åó(ÑtL§,)«L§); lÑ�mê��ÅL§(xDÑS
�),ëY�mê��ÅL§(�BL§,xDÑL§).
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ê��Åó àgê��Åó

àglÑ�mê��Åó

Definition (àgê��ÅL§)

XJê��ÅL§�^�VÇ©Ù��må:Ã'§¡�àg½�à

�"aq²­L§��må:Ã'§=��målk'"(�¡�²­
5).

Definition (lÑ�mê��Åó�=£VÇ)

�L§�X (n), G��m�I = {a0, a1, . . . , },KP^�VÇ©
ÙP(X (1 + n) = aj |X (n) = ai ) = pij(n, n + 1),¡�ê¼ó3��ne?u
G�ai^�e§3��1 + n=£�G�aj��Ú=£VÇ"

^�VÇ©Ù��d¤kG��=£VÇû½(G���õ�ê�).
����±½Â��m���m + n�=£VÇpij(tm, tm + n)"
àgê¼óµ�Ú=£VÇ�å©��mÃ'§´�½~ê"�±
�¤Ã¡Ý
Pij . �P��m���m + n�=£VÇ

�Pij(n)½P
(n)
ij (tm).
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ê��Åó àgê��Åó

àgê¼ó�L«

Ý
L«µ


P00 P01 · · · P0j · · ·
P10 P11 · · · P1j · · ·

...
...

...
...

...
Pi0 Pi1 · · · Pij · · ·

...
...

...
...

...


G�ãL«µ(DÕÝ
^ãL«�{ü).

��àgê¼ó�^G�9Ù�Ú=£VÇãL«"

aqÄåXÚ: ?¿n�VÇ©ÙdÐ�Ú=£Ý
��"
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ê��Åó àgê��Åó

àgê¼ó�~f

EXAMPLE (e�ýÿ:ü�G��ê¼ó)

b�?�Ue�VÇ==�6uc�U´Äe�"�kü�G�0, 1©
OL«Øe�½e�. �®�8Ue�§²Ue�VÇa;®�8UØe
�§²UØe�VÇ�b, KÙ�ü�G�ê¼ó§��dÝ

P = [a, 1− a; 1− b, b]û½"

***XJ8Ue��6ucAU�UíQºØ´ê¼L§§��±O\
G���ê¼ó"

EXAMPLE (���Åir: ��~�)

�Åir: random walk ��÷vpi ,i+1 + pi ,i−1 = 1.�U�3áÂG
�pi ,i = 1,��G�pi ,i−1 = 1½pi ,i+1 = 1.

ÜgN (BUAA) VÇÚO��ÅL§ December 31, 2010 7 / 16

ê��Åó àgê��Åó

=£VÇ�CK�§

Proposition (�Ú=£VÇÝ
�5�)

pij ≥ 0,
∑∞

j=0 pij = 1. ��¡÷v±þ5��Ý
��ÅÝ
"P�P.

Theorem (Chapman-Kolmogorov�§)

õÚ=£VÇp
(n+l)
ij =

∑+∞
k=0 p

(n)
ik p

(l)
kj .

y²: |^^�VÇ½ÂÚ�VÇúª"(�àgkaq(J)

½ÂõÚ=£VÇÝ
P
(n)
ij , KP

(n)
ij = Pn, CK�§éA�Ý
¦

{"Pn+l = PnPl .

õÚ=£VÇÝ
�´�ÅÝ
"

O�8Ue�,üU�e��VÇ"p
(2)
00 = (P)200.

***5: Ý
¦{�{z: �k��©
)P = AQA−1,KP(n) = AQnA−1.
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ê��Åó àgê¼ó�VÇ©Ù

àgê¼ó�VÇ©Ù

àgê¼ó���©Ù:

Ð©©Ù: PP(X (0) = j) = pj(0);

?����©Ù:P(X (n) = j) = pj(n)¡�]�VÇ½ýéVÇ¶

½n: pj(n) =
∑+∞

i=0 pi (0)p
(n)
ij .

~fµ�5?�U�e�©ÙX (n).

~fµ�Åir(~�);

Theorem (àgê¼ó�n�©Ù)

�½àgê¼ó�Ð©©ÙX (0),KÙn�éÜ©
Ù(X (k1),X (k2), . . . ,X (kn))÷v
P(X (k1) = i1,X (k2) = i3, . . . ,X (kn) = in) =∑+∞

j=0 pj(0)pk1ji1p
k2−k1
i1,i2

. . . p
kn−kn−1

in−1in
.
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ê��Åó àgê¼ó�VÇ©Ù

��

�Ê�á:

P334 SK�n1.2.3.4
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àgê¼ó�4�©Ù G�©a

àgê¼ó�G��m***

Remark (G�ã���¼ê)

ê¼ó�VÇ©Ù&EÑ3G�ã¥, ?���¼ê(�ÅL§��g¢
y)Ò´3G�ã¥ir§AOéàgó, ��Ã¡�Ý��¼ê�¹¿
©�VÇ©Ù&E"

G��m�©aµ

G�ã�©)µëÏ5: �3�´i → j , j → i , =�3m, n,¦�V

Çp
(n)
i ,j , p

(m)
j ,i �u""

��==�Ä�k��ëÏ©|�G�ã(¡�Ø��ê¼ó);
àgó�~���~�(LÞ)µÃ¡g�£½k�g�£¶

~��µ�½iG�, ±VÇ1�£G�i , �du
∑∞

n=0 p
(n)
ii =∞¶

LÞ�µ�½iG�, ±VÇP < 1�£G�i , �d
u

∑∞
n=0 p

(n)
ii <∞¶

àgó�±Ï��±Ïµ½Ï�£½Ø½¶(ã¥�3���´)

±Ï5µp
(n)
ii = 0, Ø�n = d , 2d , 3d , . . . . . ¡���d�±Ï"ÄK

Ã±Ï"
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àgê¼ó�4�©Ù 4�©Ù(²­©Ù)

àgê¼ó�4�©Ù

Definition (4�©Ù)

XJàgê¼ó÷v?¿i , limn→+∞ p
(n)
i ,j = pj , �

∑
pj = 1, ¡pj�ê¼

ó�4�©Ù½²­©Ù. AOÙ÷v�§pj =
∑∞

i=0 pipi ,j .

4�©Ù¿Â: =ÃØÐ©G�§��G�j�VÇ�pj .
²­©Ù¿Âµb�Ð©©Ù��pi ,Kê¼ó´²­�.
~f: Uíý�e�µü�G�ê¼ók4�©
Ù"p0 = b/(1 + b − a), p1 = (1− a)/(1 + b − a).
A^: �¬�Æ�)Ô�Æ¥�4�©Ù: �¬��?©�¶��
ÄÏ�©ÙÆ¶

Theorem (4�©Ù��3***)

��Ø��H{(�±Ï�~�)�àgê¼ó7,�34�©Ù"
AOék�G�ê¼ó§XJ�3m,¦�P(m)�z�����u", K
�34�©Ù"
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A^

Ùä»�¯K

EXAMPLE (Ùä��Åir)

�Ùä�]��i�,zgÙ��(p�Õá, Ù�.����Åir�ê
¼óµ÷vpi ,i+1 = p = 1− pi ,i−1"¯Ùä]7��N�
Øk»��V
Ç´õ�º

]��N�½0KÊ�, kp00 = 1, pNN = 1.

ê¼ókü�áÂ�§Ù¦Ñ´LÞ�§w,��7,´»�½]

��N�"

½ÂáÂVÇai�Ð©G��i , ��G��N�VÇ"
k�§|aN = 0, a0 = 0, ai = (1− p)ai−1 + pai+1

)�§kai = 1−ρi
1−ρN , ρ 6= 1½ai = i/N, ρ = 1,ρ = (1− p)/p.

(Ø:N¿©�, P = 1/2, VÇ��©]�¤�'"
P > 0.5,�U��Ã¡�ãL¶P < 0.5,7,»�"
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A^

<a��¯K:©|L§

�X (n)´1n��<�ê§b�X (0) = 1.b�z��<���êÑlÕ

á�©ÙZ ,KX (n + 1) =
∑X (n)

k=0 Zk . ¯P(X (n) = 0)=<a���VÇ!

©|L§´àgê¼ó"XJZ = 0�VÇ�u"§KG�0´��
áÂ�"<�½ö��½öªuÃ¡�"

Pµ = EZ =
∑

j jP(Z = j)�z�<�²þ��ê"K1n�<�Ï

"EX (n) = E (E (X (n)|X (n − 1))) = µn.

P<���VÇπ0 = limP(X (n) = 0|X (0) = 1). XJµ ≤ 1,
π0 = 1. (5µµn = EX (n) ≥ P(X (n) ≥ 1) = 0.)
XJµ > 1,kP(X (n) = 0|X (0) = 1) =

∑
j P(X (n) = 0|X (1) =

j ,X (0) = 1)P(X (1) = j), PP(X (1) = j) = P(Z = j) = bj , �4�

kπ0 =
∑

j π
j
0bj . )�§������ê)"

~fµ�b0 = 1/2, b1 = 1/4, b2 = 1/4,Kµ = 3/4 < 1→ π0 = 1

~fµ�b0 = 1/4, b1 = 1/4, b2 = 1/2,K�§
�π0 = 0.25 + 0.25π0 + 0.5π20, π0 = 0.5;

Ø7�*! XJX (0) = n,K<����VÇ�πn0 .
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A^

ëY�mê��Åó***

Definition (ëY�mê¼ó�=£VÇÚ�Ç)

�X (t)´ëY�mê¼ó,½Â�=£VÇ¼

êP(X (t + τ) = j |X (t) = i) = p
(τ)
i ,j (t). AOéàgó§¼ê�tÃ'"

ÛÜkp
(τ)
i ,j = qi ,jτ + o(τ), qi ,j¡�=£�Ç"

aqkCK�§Ú4�©Ù"
A^µ

©|L§: XJ�	z�<�Æ·(ëY©Ù),K3ØÓ���<�
ê´ëY�mL§¶

üèØ(��k)«L§), ���m´ÑtL§§lm(ÑÖ�¤)�
´��ÑtL§"
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A^

��

�Ê�á:

P335 SK�n5.6.7.8
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Week 17 : ESÚù)

1 SNES

VÇØ

ênÚO

�ÅL§

2 �ÿ�ù)

3 �ÅiZTaking Chances
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�Á¯¨

�Á�m: ���lÒ8:-10:§
ÌM203(21,22�)§M204(31,32�).

�¦�m:
�§Ú��¦µ���ÔÒ8:30-11:30 Ì216(ÜgN�)
eÌ2µ30-5µ30, �þµ6-9 Ì216(Ù¦P�,0[�P��þ)
�?�¦: ý�½17ÒeÌ1-5pm, ãÖ,Ü�¢501¿"

éX�ªµ134-3920-1025. zhangsirong@buaa.edu.cn

Ï"�ÁØ�SNµ

1 1oÙ: 1n!¥Z = max(XY )�Z = min(X ,Y )§Ù¥(X ,Y )�ë
Y.r.v. ¦FZ (z)§�X ,YØÕá�Ø�¦"

2 1ÊÙ: 1Ê!
3 1ÔÙ: χ2, t,F©Ù�VÇ�Ý¼êL�ªØ�¦P
4 1lÙ: 1Ê!
5 1ÊÙ: 1n!o!
6 1��Ù: 1Ê!
7 1�nÙ: 1n!
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SNES VÇØ

VÇØ(1): VÇ�.

Vgµ���m+VÇÆ¶¯�¶Õá�^�VÇ¶

(Ø: ¯�EÜ¶\{úª§¦{úª¶�VÇÚ��dúª¶ü
�|Üúª¶

~f: Ä\�n, )F¯K§�é¯K§b�5,­E�Â¶...
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SNES VÇØ

VÇØ(2): �ÅCþ��Å�þ

Vgµ�ÅCþX ,(\È)©Ù¼êF (x),VÇ�Ý¼êf (x), pi . ¯
�(−∞, x)
�Å�þ,éÜ©ÙF (x , y)½L�, ¯�(−∞, x)× (−∞, y);

(Ø: >�©ÙVÇFX (x)úª¶^�©ÙVÇúªF (X |Y )¶>�
�Ýúª, ^��Ýúª9Õá¶

�ÅCþ~f: �ã|©Ù,AÛ©Ù,Ñt©Ù; þ!©Ù§�ê©
Ù§��©Ù¶

�Å�þ~f: ��lÑ©Ù¶����©Ù¶��þ!©Ù(�
�); n�Õá©Ù¦È¶
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SNES VÇØ

VÇØ(3): EÜ�ÅCþÚO�

Vgµ�ÅCþ�EÜg(X1,X2, . . . )

(Ø:
Õá�ÅCþ�EÜµX ,YÕáKg(X ), h(Y )Õá"
���/: lÑP(g(X ) = y) =

∑
g−1(y) P(X = g−1(y))

ëY: fY (y) =
∑

i f (hi (y))|h′i (y)|, hi (y) = x
���/: FZ=g(X ,Y )(z) =

∫ ∫
g(x ,y)≤z f (x , y)dxdy

~f: lÑ�ÅCþ�{üEÜ¶'XX 2,X + Y ,max(X ,Y )
ëY�/: Õá��©Ù��5|ÜN(

∑
µi ,

∑
σ2
i ),Z = X 2 + Y 2;

ü�Õá©Ù�\{(�Ý�òÈ),4��©Ù(©Ù¼ê¦È),4�
�©Ù;
~�©ÙEÜµ��©Ù´�ã|©Ù�Ú¶ÕáÑt©Ù�Ú´

Ñt©Ù¶�ê©Ù�4�4��©Ù¶
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SNES VÇØ

VÇØ(4): êiA�

VgµÏ"�fEX , ÝDX ,Cov(X ,Y ), ρ(X ,Y ),Ø�'¶

(Ø: E (g(X )) =
∫
g(x)f (x)dx ;

�5E (X + Y ) = EX + EY ,EXY = EXEY (Õá);
D(X + Y ) = DX + DY − 2Cov(X ,Y );

~f: ¤k~�©Ù�Ï"���¶~�©Ù�EÜ�Ï"¶
��©Ù�p�Ý(AO�Ý¼ê�ó¼ê�Ï"�");
����©Ù��'Xêρ;
AÏ�ÅCþA�Ea = a,Da = 0, DX = 0⇐⇒ P(X = EX ) = 1,
Cov(X ,Y ) = 1⇐⇒ P(aX + b = Y ) = 1***
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SNES VÇØ

VÇØ(5): Ø�ª�4�½n

Vgµ�VÇÂñ§ÕáÓ©Ù¶

(Ø: �'ÈÅØ�ª�ØÓ/ª§(ê��ÅØ�ª**)

�'ÈÅ�ê½n:limP(X̄n = µ) = 1, X̄n
p−→ µ,

¥%4�½nµ X̄n−µ
σ/
√
n

d−→ N(0, 1)

~f: VÇ�ªÇ)º¶��©Ù���©Ù%CO�¶
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SNES ênÚO

ênÚO(1): ���n�©Ù

VgµoN���¶{üÄ�¶��ÝX̄n, s
2
n , ÚOþ§©Ù�e©

 ê¶

(Ø: Õá©Ù�EÜµZi´IO��©Ù¶

χ2(n) = Z 2
1 + · · ·+ Z 2

n ;EX = 0,DX = 2n
t(n) = Z/(χ2(n)/n), é¡5¶

F (m, n) = χ2(m)/m
χ2(n)/n

. �K5*,p_5*¶

~fµ��oN�ÚOþ©Ù:
��þ������Õá¶

X̄n ∼ N(µ, σ2/n), (n − 1)S2/σ2 ∼ χ2(n − 1)¶
→ (X̄n − µ)/(S/

√
n) ∼ t(n − 1).

ü���oN�þ���©Ù,����'�©Ù***;
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SNES ênÚO

ênÚO(2): :�O�µ�

VgµëêÚOþθ = g(X1, . . . ,Xn);
Ý�O§4�q,�O¶

Ã 5§k�5(���)§��5(�Ü5)¶

(Ø: Ý�OÑ´���**¶
��þ�´Ï"�����Ã �OMVU"
����´���Ã �O"

~fµ~�©Ù�Ý�OÚ4�q,�O(þ!©Ù*);
��oN�4�q,�O´k �O¶

�½¼ê�4�q,�O¶
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SNES ênÚO

ênÚO(2): «m�O�b�u�

Vgµ�&«m��&Y²1− α,
"b�,�Jb�,wÍ5Y²α;
�&«m�¿Â¶b�u��üa�Ø¶

(Ø: ����oN�ÚOíä©Ùµ
��þ�µ®���§��©Ù,��u�¶
��þ�µ����§t(n − 1)©Ù,tu�¶
����µχ2(n − 1)©Ù§k�u�¶

~fµ±þna�«m�O"

�&Y²�üýu�*µα = 0.05, z0.975 = 1.96
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SNES �ÅL§

�ÅL§(1): ½Â

Vgµ�ÅL§¶��¼ê¶n�©Ù§êiA�¶

�¦: �ÅL§�©a¶
{ü�ÅL§��§��©Ù¶

�ÅL§�êiA�EX (t),R(t1, t2) Ú�p'X

~fµ�ã|L§§ÑtL§*;
�Å� �uÅ¶

ÜgN (BUAA) VÇÚO��ÅL§ January 7, 2011 12 / 28



SNES �ÅL§

�ÅL§(2): ²­L§

Vgµî�²­L§§²­L§§��L§§�m²þÚH{5§

�¦: (2Â)²­L§�y¶H{5�y¶

~fµ�Å�uÅ9H{5
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SNES �ÅL§

�ÅL§(3): ê��Åó

Vgµê��Å5,
^�©Ù��Ú=£Ý
,õÚ=£Ý
, 4�©Ù

(Ø: C-K�§¶
²­©Ù�§¶

~fµ{ü�Åir¶
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�ÿ�ù)

QUIZ �ÿ��

1 �A,B �?¿ü¯�,Ke�'X¤á�k( )
(A) (A + B)− B = A ;(B) (A + B)− B = A− B ;
(C) (A− B) + B = A ;(D) (A− B) + B = AB .

2 l0→ 9 ù��êè¥?¿�Ñ4�ü¤�Gêè,KêèT¤o 
óê�VÇ�µ£A¤41

90 ;£B¤1
2 ¶£C¤40

90 ¶£D¤32
90

3 �ÝfSCk5�ù¥,15�x¥,l¥Ø�£�10g,zg���¥,
K15g���´ù¥�VÇ�õ�º

4 �¥Ck?Ò1− 8�l�¥,l¥?�3�,K��Òè�óê�VÇ
�õ�º

�Yµ1. B, 2.A , 3 5/(5 + 15) = 1/4, 4 11/28
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�ÿ�ù)

QUIZ �ÿ��

1 ��ÅCþX3(−π/2, π/2)þÑlþ!©Ù,KY = tanX�VÇ�
ÝfY (y) =

2 òù!x!çn�¥�Å/Å��\?Ò�1§2§3�n�ÝS
£zÝNB¥��êØ�¤§±X L«k¥Ýf���Òè§¦µ
£1¤�ÅCþX�©ÙÆ¶£2¤X�©Ù¼ê"

3 ,¤ìþCk4�Õáó��Óa��"®�z����Æ·(±�
�O) X ∼ N(5000, σ2),�ó����Ø�u2��,T¤ìU�~ó
�"KT¤ìU�~ó�5000��±þ�VÇ� "

4 ***P63. 23K:��ÅCþX�VÇ�Ý�f (x) = a
ex+e−x , (1)(½~

êa ; (2)¦X�©Ù¼ê; (3)¦P(0 ≤ X ≤ ln
√

3).

ÜgN (BUAA) VÇÚO��ÅL§ January 7, 2011 16 / 28



�ÿ�ù)

QUIZ �ÿ��: �Y

1 fY (y) = 1
π

1
1+y2 ,−∞ < y < +∞.

2 £1¤�ÅCþX�©ÙÆ¶
P(X = 3) = 1/27;P(X = 2) = 7/27;P(X = 1) = 19/27;
£2¤X�©Ù¼ê"
F (x) = 0, x < 1; 19/27, 1 ≤ x < 2; 26/27, 2 ≤ x < 3; 1, x ≥ 3

3 �����~ó�VÇp = P(X > 5000) = 1/2;
��ó��êYÑlB(4, 0.5),
¤ì�~ó�VÇ:
P(Y ≥ 2) = 1− P(Y = 0)− P(Y = 1) = 1− 1/16− 4/16 = 11/16.

4 a = 2/π,F (x) = 2/π arctan ex ,P = 1/6.
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�ÿ�ù)

QUIZ �ÿ�n

1 ��ÅCþX ∼ N(µ, σ2) ,KE (X − µ)4 =. (D)
(A) σ4¶(B) 2σ4; (C) 6σ4; (D) 3σ4 "

2 ��ÅCþX�3êÆÏ"EX Ú��DX ,Ké?¿�êεk((c)),
£A¤P(|X − EX | ≥ ε) > DX

ε2 ,£B¤P(|X − EX | < ε) > 1− DX
ε2 ;

£C¤P(|X − EX | ≥ ε
√
DX ) ≤ 1

ε2¶

£D¤P(|X | ≥ ε) ≤ E(X−EX )k

εk
(k ≥ 1) ,

3 ��ÅCþX ,Y���ÝEX 2,EY 2�3§y²µ¤áØ�

ª|EXY | ≤
√
EX 2EY 2. (�EE (X + tY )2 ≥ 0)

4 �Xn´�pÕá��ÅCþS�,�Ù©ÙÆ
�P(Xn = −

√
n) = 1

2n+1 ,P(Xn =
√
n) = 1

2n+1 ,P(Xn = 0) = 1− 1
2n .

PYn = 1
n

∑
i Xi"

Á¦µ£1¤EXn,DXn;(0, n/2n)£2¤EYn,DYn;(0, 1
n2

∑
i i/2i )

£3¤y²: é?�ε > 0,¤álimn→∞ P(|Yn| ≥ ε) = 0"
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�ÿ�ù)

Quiz �ÿ�o

1 �X1,X2, . . . ,Xn´��oNX ∼ N(µ, σ2)���,
�C = ()�,µ̂2 = X̄ 2 + cQ2´µ2�Ã �O§Ù

¥X̄ = 1
n

∑n
i=1 Xi ,Q

2 =
∑n

i=1(Xi − X̄ )2.
£A¤− 1

n(n−1) ,£B¤− 1
n−1 £C¤− 1

n2 £D ¤− 1
(n−1)2 "

2 -X1,X2, . . . ,Xn;Y1,Y2, . . . ,Ym©O�N(µ1, σ
2),N(µ2, σ

2)�{ü
��, PX̄ = 1

n

∑
i Xi , Ȳ = 1

m

∑
j Yj , S

2
1 = 1

n−1

∑
i (Xi − X̄ )2. Á¦µ

£1¤X̄Ñl�©Ù§ȲÑl�©Ù¶£2¤ X̄−Ȳ−(µ1−µ2)

σ
√

1/n+1/m
Ñl�©

Ù¶£3¤T = X̄−Ȳ−(µ1−µ2)

S1

√
1/n+1/m

Ñl�©Ù"

3 �â�þN���§·Ièx¤cIf�óÈ²þ�72g/©§I
O��6.75 g/©§yl,N�I)¥§�ÅÄÑ25<§ÿ�²þ
óÈ�69.3g/©"�â²�óÈÑl��©Ù.XJIO�ØC§
Á¯TN�I)�óÈ���èx¤cIf�óÈkÃ�Éº

u�Y²α = 0.05, (®�Z0.95 = 1.645,Z0.975 = 1.96; t0.95(24) =
1.7109, t0.95(25) = 1.7081, t0.975(24) = 2.0639; t0.975(25) = 2.0595)
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�ÿ�ù)

Quiz �ÿ�o: �Y

1 (A). |^X̄ ∼ N(µ, σ2/n), EX̄ 2 = DX̄ + (EX̄ )2 = σ2/n + µ2

|^ES2 = σ2,EQ2 = σ2 ∗ (n − 1)2,O���"

2 X̄ ∼ N(µ1, σ
2/n), Ȳ ∼ N(µ2, σ

2/m).
KX̄ − Ȳ ∼ N(µ1 − µ2, σ

2(1/n + 1/m)),IOz����©Ù¶
q(n − 1)S2/σ2 ∼ χ2(n − 1), ��©ÙØ±k�©Ù��t(n − 1)©
Ù"

3 H0 : µ = 72.vs.H1 : µ 6= 72; u�ÚOþZ = X̄−µ
σ/
√
n
∼ N(0, 1);

u�Y²éA© êz0.975 = 1.96,O�
k|Z | = 2.7/6.75 ∗ 5 = 2 > 1.96, u�wÍ§Ä½�b�§k�É"
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�ÿ�ù)

Quiz �ÿ�Ê

1 ��ÅL§Y (t) = e−tX , t ∈ (−∞,∞)§Ù¥X´3(0, 1) þÑlþ
!©Ù��ÅCþ§Á¦:£1¤X�VÇ�Ý¶
£2¤¦EY (t),E (Y (t1)Y (t2)),E (Y (t)2),
£3¤¯Y (t)´Ä�2Â²­L§º

2 o� �:1,2,3,43�±þ_��ü�.âf3ùo� �þ�Åi
Ä.âfl?Û�� �,±VÇ2/3 _��iÄ��� �; ±V
Ç1/3 ^��iÄ��� �;±X (n) = jL«��n âf?3 �,
£1¤¦àgê��ÅóX (n), n = 1, 2, . . . �G��m¶
£2¤¦�Ú=£VÇÝ
;
£3¤¦²­©Ù(p1, p2, p3, p4).
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�ÿ�ù)

Quiz �ÿ�Êµ�Y

1 £1¤X�VÇ�Ýf (x) = 1, 0 < x < 1, f (x) = 0,Ù¦�/"
£2¤EY (t) = (1− e−t)/t;R(t1, t2) = (1− e−(t1+t2))/(t1 + t2), A
OEY 2(t) = (1− e−2t)/(2t).
£3¤Ø´"Ï�EY (t)Ø´~ê§�R(t1, t2)Ø´t1 − t2�¼ê"

2 £1¤G��m= {1, 2, 3, 4}
£2¤�Ú=£VÇÝ

P = [0, 2/3, 0, 1/3; 1/3, 0, 2/3, 0; 0, 1/3, 0, 2/3; 2/3, 0, 1/3, 0];
£3¤)o��§\þp1 + p2 + p3 + p4 = 1k²­©
Ù(p1, p2, p3, p4) = [1/4, 1/4, 1/4, 1/4].
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�ÅiZTaking Chances

�ÅiZµTaking chances

1 1�'µ�ÅS��c�¶

2 1�'µÚOêi�©Ù¶

3 1n'µVÇ���¶
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�ÅiZTaking Chances

beat the randomness! �}�Å5

1�'µ�ÅS��c�¶

�ZiZµ£1969cu²)
��M1õg��Ñy��AÏ�(n ëY)|Ü��"1��

[kl8�|Ü¥?À��§1��
[(B[)2À��ØÓ|
Ü"iZ¥=�|ÜkÑy§@�<I"

1�'µÚOêi�©Ù¶�½�|êâ§�ßÿÙ1��k�ê

i(�"Ú�ê:)�k�U´�o�ü�ÀJ"
2010céÜI<�Ý�Ñ237�I[<���Oê"
g,ê1/n, n = 1, 2, . . . , 200
±6Ñu§zg¦±2§��100�êi
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�ÅiZTaking Chances

1n'µVÇ���

�ßÿk'�VÇ½²þ���µ

üBý�3Sfþ§54�<lzBý¥�À�Ü§²þõ�<<��é
���Ó�ýº EX = 1
®���[Ìkü��¯§®�Ù¥��´I¯§¯¦k��73�V

Ç´õ�ºb½)I½)å�VÇ��"

P = 1/3
�o�<�ý(52Ü)§z<��13ÜÀ�ý"XJ®�\é[k�
�A,K¦�k��A�VÇ�p1; XJ®�\é[k��ç;A§¦�k
��A�VÇ�p2§¯p1, p2X�ºØ�Ä\�ÚÙ¦<�ý"

p1 ∼ 0.37, p2 ∼ 0.56
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�ÅiZTaking Chances

�ZiZµPenney’s game

�ZiZµ£1969cu
²) ��M1õg��
Ñy��AÏ�(n ë
Y)|Ü��"1��

[kl8�|Ü¥?À
��§1��
[(B
[)2À��ØÓ|Ü"
iZ¥=�|ÜkÑ

y§@�<I"

1��ÀJ 1��ÀJ �Ç(B[)
HHH THH 7 to 1
HHT THH 3 to 1
HTH HHT 2 to 1
HTT HHT 2 to 1
THH TTH 2 to 1
THT TTH 2 to 1
TTH HTT 3 to 1
TTT HTT 7 to 1

ü

�µABC → B̄AB.
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�ÅiZTaking Chances

�4�5ÆBenford’s law

�4�5Æ(1938).

�õêý¢êâ�1��k�êi

Ø´²þ©Ù�! (Ñléê{
K)"

­.60�pïÓ�pÝ§<�§à
6�Ý§�¦d�§"""

A^µ"OãÖ�L![ÖÛ�[!
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�ÅiZTaking Chances

Taking chances

1 ”Two roads diverged in a wood, and I... I took the one less traveled
by, and that has made all the difference.” Robert Frost

2 ”Twenty years from now you will be more disappointed by the things
you didn’t do than by the ones you did. So throw off the bowlines,
sail away from the safe harbor, catch the trade winds in your sails.
Explore. Dream. Discover.” Mark Twain

3 >K5k���6Dead poet society:
”Carpe diem, seize the day boys, make your lives extraordinary.”
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