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5K Differential forms [ EEE AT TRTNEY-Ie |

LR

Definition (IX[AIFR47")
W h b LA TR, EX [0 = [* F()d
B LS SRR A R o = fi, g 6"
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Definition (JiLfEZ_L£&FH5T)

r:la, bl - MEHEMLZ, we T (M), EX: [
A B BOCTE I -

Fat: AEREWA AT LA 5 BOGTE i 28 -

w = fab rw.

Proposition

HEAT: [w=[2rw = [Pu(r(D)d
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Chapter 4: i3 TEz0 515> Differential forms and
integration

© 753 JE= Differential forms
o HIZEFH 4> line integral
o BT
o S 5N
Q HHEX 55
o EMIE
o T4} integration
@ Stokes Theorems

© RN
o REMEMM S SHOETF
o Ui LR 4 U A Fe A E HE
o 117, PDEFIH At
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573K Differential forms WA E G M MERNNEE]
LR AR 7 FE B
Proposition
o ik
o HIZEM: [w=[ w+ [ w
o EEMAS, [w=0
o ZHMNAE: F=rog, [w= [w
Theorem (Z&AR 5> TR 73 € )
HIFTIEM EOCIE RELS, r: [a, b)) = ME—DTEOCHENEH
J, df = f(r(b)) — f(r(a))
PROOF:| [ df = [? df,p)(r'(£))dt = [2(F o r)(t)dt.
W SERE LA aka ST SR April 27, 2012 4/ 49



5K Differential forms  [EEEawIZeaN

aVARSHLNA

Remark

o MANHIEN: = [f(p)dV,
HETEIRIE: f.dv,?

o MFREHE: | = [y (q) F(D(¥))d(0(Vy)),
WS ERE: d(y(V,)) = detydV, ?

o T78I: RAFRAInM P AR 5K & /

° Qﬂ'ﬁ/\ﬁj\fw—f r‘w = fbw(r’(t))dt

° féz% IR AT [ w=2 [,

ST — RTEHIRE [ !

FREE MRS E JLA aka f5MTE KR April 27, 2012 5/ 49

W53 Differential forms  IKHGwiZeaN

SRR R KT

EXAMPLE ({%4¥)

k =02

k = 1AE—hZR IR & ;

k=2, AX,Y)=05(T(X,Y)—T(Y,X)).

Definition (SUNHREF)
TE XAt TH(V) = NE(V),
Alt(T) = % desk (sgno)TC.

Proposition

Alt(T)RRAFRET, HAR(T) = T4 BCY T2 RFRE -
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5K Differential forms  [IEEEawIZEaN

X

25 T ntELR VeSS AV H ERK AT K &R V E— D kE LR AL 1D
HTH(V) RIS, BRI, Hohdel @ .. dxl*. TSRS
Definition (k-5 M=)
B S MRS 1A VL E RO PR KB AR 5K & A0 K B AR 4 A
LB ST
BT(Xes o Xy Xy X ) = =T (Xas oo X, X Xa).
Vet 8] V B B RO kﬁﬁé’z@?ﬁiﬂi jj%ﬁ/_t(forms) ﬁjjAk( ).
Lo € S(k)EkT BAFHITTE - sgn(o) 1 BHLATHE -
Proposition (5517 )

O TREINIRINEKE;

Q@ T(Xoys---,Xs,) = (sgno) T (Xq, ..., Xk)

QO EEW N BZEME, MTHERNE . EEEMEXEETENKE

{EH0).
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W53 Differential forms  IKHGwiZaN

SMEZCZE ]

iﬂj’gﬁ‘\%/ = (i17 ceey ) E%@Oﬂﬁzﬁﬁﬁl = ( 1)+ > icr(k))'

Definition (EASME)

7B vL%Ef,Xﬂ%Eaf, T kT

AW AI(Xl,.. Xi) = det(df( i) = detX.
,\EPiﬁlgiX’ij TEEE R HIAAKR. PRI EATEL;
BA = sgn( YA

— Xl Y3 le3
,Z).

flan: R3ZS[E], AB(X,Y)
A23(X )Y, Z) = det(X,Y
Theorem (FMEZCAS[A] I H:)

NK(V)R—(n, k) HERVZEZS (8] o HABR AL, DGR KFRIREE - 1
Ak > nAK(V)=0-
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5K Differential forms  [EEEawIZeaN

Proof.

ATREMETE R Y TA = 0 EBERT—HTEE, 58 T,=0;
AR AR - BT c N(V), T) = T(E;,...,E;,). AT LUIERH
T=TA. U

v

Corollary

niXE RwlE T T
w(BXy,...,BX,) = detBw(Xi,. .., X,).

WML SRR EZ L aka HUSHRTE IR A April 27, 2012 9/ 49

53K Differential forms  WEHEGwIZEaN

HMREL

Proposition (ZMHARIETT)
o MMt
o HEFR wAMAE) =(wAN)AE
o RIEMHEwAD=(-1)"nAw
o HFIR Al =51 A NGk
—BHwr A wr(Xe - Xk) = det(WH(X)).

Theorem

TE SN (V) = @_o N(V) N (V)TESMATR & — D RO H A 40 IS -
WRREMEES -

ATV ELALSE s w A = Alt(w @ 1), R -

WONRIE SR B U aka ST KN April 27, 2012 11 / 49

5K Differential forms  [EZEawIZeaN

W LIS MR

SREM: ToS(X, Y =T(X)S(Y)), BEFERd @ dy/;
STFRGKE:ST = Sym(S @ T), dudv = 0.5(du ® dv + dv @ du)

Definition (#MH)
Efllw € A (V) e N(V) BN w Ay = EE Alr(w @ ).

Proposition
WEEAEAL AL A A AL = AU,

ICHEPRP = (p1, - - -, Prtr),

BAE: A AAN(Epy, ..., Epy,)) = AUD(Ep, ... Ep,,)
Q WRPEEAEL JWTEIR, BBERERREN, FXAMIAE.
Q@ WP =(I,J)HiBN1LLENE

left = CEDL AR (AT @ AT) = 205 sgn(0)Al(E,; ) A (Es;)
left = AItA! (E;,)AItAY(E;,) = 1.
Q@ WRP=0(l,J),FL-
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53K Differential forms  WEHEwiZaN

Py

Definition (7 /E=\)

IBAM =TI, N(TpoM) TR, FREAE—BE I — Dk T -
FrE s T AR (M).

EBAM) = @, A(M)R—"IMEEL -

JREBAAFR R R W = wydx™ A -+ A dx* = wydx!

Proposition

TEIFIRTF - M — N, FHIREREF* - AN) - AM). B
o FrEtilEfy;
o F*(wAn)=(F*w)A(F*n)
o FFEFAAFRF* (wydy!) = S (wy o F)d(Y' o F)

o nUUEFAIMITAEHedyt A -+ A dy” = det(25)dxE A -+ A dx”.

WAHRIL SR E LA aka 5HATE KA April 27, 2012 12 / 49



5K Differential forms  [REINEENSIANES

Remark
o IBHEF: w=df, [lw=7F(r(b))—f(r(a))
o LELY — O

o dw =3 (2% — 24l A dxd = 0 FRAFATE -

o HE FIE—TEE?

53K Differential forms EANCEONSINES

AN FFAE PR UL B ¥+

Proof.
BOEME — 2RI R o FAENE: 248 H dR)RHERALPRE SCANH -
o BMHE; Hd(fdx') = df Adx'.
o XFFw = fdx!,n = gdx’,
d(w An) = d(fgdx! A dx?) = d(fg) A dx! A dx?
o dod =0, XfIIE, £—d(dw) = d(dw; A dx') =0.
ME—1E. I FH R B E SCME— 1% -
—MRIE: JREAAP R IRIEE A, W& RN
M AT R BSOIE BA SR BB 5
X E— R KEST T2 RKEY, HREHE A GeRME—
e

WML SRR E LA aka HUSHRTE IR A April 27, 2012 13 / 49

WAL SRR 2L aka S5 RIE R R April 27, 2012

5K Differential forms  [REINEENSIAES

SN RE X

Definition (#Mil47)

FIFH EEHIR B 7 df, FTLUE XA BT d - A(M) — AFY(M),
dw = d(> ) widx!) =37 dwy A dx!.

WRRIMAGY; dwbRAINFEL

Theorem (FhSEUFAEME—***)

=B IRIE LA —— RIS d - AK(M) — ARTH(M), T2
O XPLIEMRELf(X) = Xf
Q@ XFTF: we A\(M), d(wAn)=dwAn+(—1)fwAn
Q@ dod=0.

KR R R T d(wy) = (dw)y, EREATER L.

FkEZ (BUAA) WML SRR E LA aka HUSHRTE IR H April 27, 2012 14 / 49

53K Differential forms ENTONSINES

Flr5i5E

EXAMPLE (R34M#457)
w = Pdx + Qdy + Rdz,
n = adx A dy + bdy A dz + cdz N dx

Proposition ( H% )
G*dw = d(G*w)

BT AR

Proposition (LIXJEZSRIE(AEARTER))
dw(X,Y) = X(w(Y)) = Y(w(X)) —w([X, Y])

= wdv,d(udv)(X, Y) = XuYv — XvYu.
AT LLHE 2 =l

WAL SRR 2L aka FU5HIIE 2R April 27, 2012
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5K Differential forms  [REINEENSIANES 5K Differential forms  [REINEENSIAES

PR IR E4E 2= IR

Definition (PI3) S SHE LT IR RES: (X, V] € T(M).
LEXE Lix « AK(M) — A—Y(M), 75
in(ylv"'ayk—l):w(Xa Yl?"'7Yk)' -‘rheo\rem‘ . o . N . .
SGEA X w = ixw BEJDGIRTE LIRS, 60 MR RRRIIARY . WES
’ WAL [E), Ex] = cjEi, MRIESNFELAS = —cf o A oK.
Proposition (P3R4 J) -
o ixoix = 0; Proposition (k&% 5%))
o ix(wAn) = (ixw) An+ (=1)kw A (ixn). o Lx(S®T)=(LxS)®T+S®(LxT)
o Lx(wAn)=(Lxw)An+wA(Lxn)
Wé&ﬂ?ﬁﬁ?%‘ﬂ% . o o Lx(Yuw)=(LxY)w+ Yi(Lxw) )
fa#: BT A R detX = S0 (—1) 1w/ (X1)det(Xz. Lx(S @ T) = limeso ((S@T)gtt)f(.S@T)gO

Xa(Wr A AWk =3 (D) (X)) (WA - ADT - AWK))
Falk = 20 A 15 -

WAL SRR Z LA aka FUSHATE IR A April 27, 2012 17 / 49 FkEZ (BUAA) WML SRR E LA aka HUSHRTE TR A April 27, 2012 18 / 49

532 Differential forms  [REANHENSIAES 532 Differential forms  [REANHENSIAES
BT E Cartan’a =
Theorem (Cartan/A =)
P t N V= /\ B
roposition (TTHEAZ() Lxw = Xo(dw) + d(X )
,CX(w(Yl,. . Yk)) = wa(Yl, Ceey Yk) + Ziw(Yl,. S LxYi, .., Yk) ’
R = -3, e
P Lxw(Ye,. - Vi) = X(@(Y, - Vi) = 25wV, £x i, Vi) | Corollary (SMU4 525 SHCEH)
Corollary (51 5% FHUT#H) Lx(dw) = d(£xw) )
Lx(df) = d(Lxf) ) [Proof: [Cx (dw) = d(X.dw);
A -
| £x(df)(Y) JYXf OFETES, XL(df) + d(Xf) = XF
BT = Tydx' ® dX 14, w = udv,Lx(udv) = (Xu)dv + ud(Xv)
LyT = (YT + T + Tu G o' @ dd. MARS TR, MR EEaTE -

Lx(aAw)=(Lxa) \w+aA(Lxw)

RIS R E UM aka 5T KA April 27, 2012 20 / 49
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Remark

o FSIIESN: | = fQ f(p)dVp;
HeT EIEI: fdv,?

o dvy & ORI hAS5K &, RInfEat . (ERAAFRAEHE T det B IE
1

o MRIRTTIE: HUEXH 8 AR — 1 EMRS/

o ZMNMIZHMNERARK: [w== [
M7 — R E R/

FkEZ (BUAA) MRS E JLA aka f4MATE KR April 27, 2012 21 / 49

BEEASH S bz

IR 7 [A]

T, MAT LS 3R SR 1]

Definition (JiLJERIRER)

B REVREEAE;: WRAE—rp € U, E(p)TET,MEHIEEM. AT
12318 7€ [a] RS GEA 6 RN AR PR R RN IR AR FR R

MIEHIE R WMREEZRREMBRE, 88— S REFEAE— 1 EmK
SRR o 5 E — N E ML A IE o W AT RE M EANAT E
[ o

SE [AEZSFARTR A RIALKFRR (A1 R Y Jacobif 75110 R 1E
Proposition (5517 )

BREWMIEM, WRE EFAE—RE MMEA R AR KRB &= M, UM AT E [,
HIgE PR R RNIEMSEH T —MRERER . RZ, a8t - )
TR ARAE, RS IA AT DA R A E (] RRAT
RIGTFAELE T IEBAIE; AR R B m 2 ORI — 8 -

e v et ol Loopl 17 L= H o 2 Ly Lo L2
FREZ (BUAA) WAHRIE SR E UM aka 5T KA April 27, 2012 23 /49

EREASH bz

[5] 22 2 [ B 7 T

R, R2 R3f177 A

Definition ([ &% [A] K7€ [A])

BREBEERV, RE—HEFEEM A —HEFEERE MHAA R
EATE BT IR AT -

SE AR PR ERE - WN 22 FAHAE W -

TR T —REWENE MR, W RAIENR N IERE. (K2 &R
R®, R R2 R3f{I%EA -

Proposition (55117 X)

BREMEZRVAE - MEZERQ, EREFEE,

BQ(E, ..., E) >0, AH T VEI—1EM -
HASH R I T A Q(el, ..., e") = detBQ(E,, . .., Ey).
el A ... e"SHH T RPFIFRIEE A] o

FkEZ (BUAA) WML SRR E LA aka HUSHRTE IR A April 27, 2012 22 / 49

EEEETEE vt

€ ML A E

Proposition (FEZf5TE)

MR FE [ )2 B M EFE— D 3ER R nik i E Q-
WREMER, FRIPRQ > 0 IE M .

&Q #0, ATLUAH—EEER - 8RR U,

HQ=fdx! A Adx", UiETE, BEIf > 08if < 0;H1H BALFRTIEY
FAxt - ! FIRBSIE AR, MFMAT AT -

RZ, fE—12REnE; (BHEEE);

Corollary

(RS ONSALSIN 1Vi2: DA B 1 Al i I B IR i OF RG2S A B L J

WA A2 RS R A] LOFATIRIE « BT IR AT LUE A -

[proof: i1 RFRALEALEHIE R -

FkEZ (BUAA) WM S5ERE JLA aka 5T &R April 27, 2012 24 / 49

Proposition ((FATILILIE) }




FE R

€ [F LT B 15

EXAMPLE ("PATILITE)
R",T" St,S3

ZHE WAEATIL
A FE FfIE: Mobius 7 -
Theorem

T3l AN AT SE R A7 A 7 € ] 0B s T (P L )

Definition (155 [ BL5T)

M, NZE ARG, JEIEIEF - M — NEFRERPImE £—p,
R T, METIE [7] 2R B T ) NLE [A] 2 o
Fmﬁnmﬂ@fﬁmx ﬁu%ﬂﬂ%ﬁﬁl 671 T FE R A 2 R ] LT

F: M — NZRER P BAY FRJacobif THIF N IE -

WML ERRE LA aka HUSHTE IR A April 27, 2012 25 / 49

ENECEEE v

HFIERA R &

Remark (Review)

WG SRR RRIES H - {(xh, ... x") o x" > o}ﬁ%/@
AR — IHER AT - E’ﬁlgzl:ﬁqﬁ(p) =(x1,.--,Xn-1,0).

Definition (PN [A] 7] &%)

A& NIEOMBIA (A M &3, W — S plha et 2, (15
r(0) = p,r'(0) = N,, EN, & T,(M).

— NFR jj/%a/v/aﬁ%@ Al &4 -

Proposition (#]7€)
o N[ ST RFAIRHIRIRN, = X Ox i EX" > 0.
o HE—ItIEW AL IR OMBISMA] (7] &) -

WREEE: N = —X"ox"EIT -

kB2 (BUAA) WIS E JLA aka 5T KR April 27, 2012 27 / 49

EREASH bz

TIRIEHIE ]

Definition (T UHIE M A &%)

YEESRMENRANTIRIE, &L
N(p) € TpoM, W HIESHIHI &) -
FERIFRNG STEREREIT), RN, T,SE&IETEK -

EGIRREIN - S — TM 2

Theorem (i 1 [T [ 7€ [71])

M2 nZER] € [ADCTE L, ST, NASHIBEmEY . NSH
FEME—E A 15 (Ey, . .., Ep1) NIEMZE Y HAX

Y (Np, E1, ..., Ene1) B T, MATIE [ 2 -

QAMBEERITES, MI(NLQ)|s&SHIERIEZ -

FUEHw = (N.Q)| s, HHEE .
STRIELER, TN = xi)/0x FRIFRMERE IR o — A TENIK 4T e
] -

kEZ (BUAA) WA SR E LA aka I &R H April 27, 2012 26 / 49

G

VI B RE 7]

Theorem (575 1E M)

Y IDRIEM, AR MA E W, oM g W, HiF 5 5E W A Al A&
IHRE - NN StokesTE 1] -

[ proof: /& REQ, NQHE S0 7 E 1] «

Fik: ESSMAmEERTEE -

EXAMPLE

SMERBRRAF I E R, HE5VMERE RAEFE -
RM—WER HM L FE AT E ]

N=—-X"9x", Q=dx! A Adx",

N_oQ = (—1)"tdx"(N)dx* A -+ A dx"t
X% g AR 5 b2 TR - J

FEid: — AR R RERAAPR R AT LA SRR L, HAR PR OR
SE A H BN B RGE R E I -

kB2 (BUAA) W52 E I aka f5M I KR April 27, 2012 28 / 49




FE R

Theorem (R EZFFE )

WR(M, g)FIE I, FEME—ERERMEQE, ..., E) = LME—IE

THRARY -
PR BRI, iEhdV,.
JRERAKRAV, = \/det(g;)dxt A -+ A dx

—ﬁ’iﬁ Tﬁ%@x = AE', 7ﬁdet(g,,) (detA)?, dVy = detAdx: A --- A OX".

April 27,2012 29 / 49
ENSIZENST Ol 75 5] integration
I LRI
Proposition
BED, ERFFXEL £—G: D — ERDLIEBL,  HIRAH
Eint(D) — Int(E) FRARE A FRE, N
cw=[pGw (REMMFEMAT; )
Rl B R R AL o AR IT R RE [y RIAE,
i, w=[,Gw
[w = [,(f o G)|det(DG)|dV 153 7R (RFF7 FLAN T ) 5 4R
Definition (JiLJE_LHIEERFR )
WAL Lo BBEE S TN IERMBTRR(U, ¢), EX
Jnw = qu(u) (01 w.
PLESE S R A ARBR R IR EUE K
RAUAT LLRE RN IR IE AR s
kB2 (BUAA) WIS E LA aka fsHRIE &R April 27, 2012 31/ 49

(ENVSIZENCT 0l 71 5] integration

BX FR 2 R AR 97

Remark (ZEZR 2 7))

F: 1D =R = [, fdV
HRE - fﬁﬁﬂﬂ?&&ﬂﬂi

Fial: BFOELLREHER FAED LRI, anRoDMEEAE - FRAA]

AR 3, -

v

Definition (7 TE=CAIFRST)
BRERRRXIED ¢ R, H—nERw = fdxt A - -
wa = fD fdv = fD fdxt ... dx".

A dx”, T LLTE SR>

o BE—NTHRULEEIEEMNER: ATLUE XL —"1AIFHIX
W, KcDcU

o M [ w= [,wH5DIIENTRK;

o KM LUE L H" RIS [, w = [papn
(TR X ).

KEA (BUAA)

WA SR E LA aka I &R H April 27, 2012

iVl 7757 integration

e LR o>

Definition (JiJ%_EAIFA4Y)

B(U;, ;) B Esuppw, i AN RLIERAT 70 fE; 8 L wlIFH
ﬁj\f/\//w =22 Inviw.

w; A TE ST SR

30 / 49

Proposition (well-defined)

DAL S5 AR B B 5 i R BUTE K.

Proof.
(05, 3) BB, J 5B,
Jww =2 fytiw = D0 Sy iviw

FYERIY: [, F =2, = (p).

WAL SRR 2L aka HU5HIRIE 2R F April 27, 2012

32 /49



F4> integration

Mo e

Proposition
Q &Mk [,aw+bn=a[,w+b[yn
Q@ EMM: WMEMKTHRIER, [[w=
@ MM RWEERMAER, [,w>0
Q WMAFMAZE: F: N — MERERERR, [,o=[,FM

— Juw

PRI 5815

47 integration

Mo riTHE

Proposition

LA EFIIEM = UE;, EFITRIXE, {NAEDFHEAS;
WWHEIRF; - D = M, T2 F(D;) = E fENTRNLRE 1 FAE,
M fyw=>; fDi Fruw.

WAL RS

Proof.

Q MR,

Q@ XA FIRIIEE R

Q I fE+/HERIE;

O FIHHEN T, w = Yiw;

J BB G T PR (U, 0).

A =UNE, B_F*( .G = o(A)
wa_ZfC W—ZfBF*
il ER3N\{0} L2-FE=

= m(xdy A dz + ydz N\ dx + zdx A dy).
HUBKTE ARLTRFE T (9, 0), BRI FH P AR R 7

T A _ ‘ £ = . MR R BT A
FERANTE R (F1(U), 6 o F) ERERS S, D= [0, 7] > 10,7102 = [0, 7] [ 2m]. IR
(F{U).00F) N SIERT 75151 1) 0 = 4
L]
WML SRR E LA aka HUSHATE IR A April 27, 2012 33 /49 FkEZ (BUAA) WAL SRR E LA aka HUSHRTE TR H April 27, 2012 34 / 49
(UNIVZENCE 0l Stokes Theorems (UNIVZENCT 0 Stokes Theorems
Stokes & P H" | Stokes € ¥ ik AA
Theorem
ME AN AT, wi BB — 7, Proof. ‘
fydw = [ B HOE A= R x (R R]x R
’ w=widxX A Adxi A Adx" = w;dVE
Proof. dw = Z( 1)’ 12‘;’ dv
BESIRAEM = HPBE S (FHE) S doo = (1) [T [Tpon(xa, o 301, 0)dV"
SR T 18, 1 Sy = z fAﬂaHn wdVi
fM dw = fH" ) dw = fH" - )*w) ‘ N dx"|gpn = O,faHnw = fAﬁaH" wpdV"
Ekxﬂ_jzi OHn (/\M ¢ w) = fa/\//w PRI ¢ PR 5B E 11 dV"=dxt Ao Adx"T 1,ﬁmﬁ$ﬂ(5tokes) FHEEME-D, B
RO T — AR R, f(‘)H"w — (_1 f_R‘-.f_an(Xla~-'7Xn—170)d\/n- 0
Jomw =22 Jom Viw = 32, [y d(Whiw) = [ dw ‘
L]
WAL SRR Z L aka RS RIE KR April 27, 2012 35 / 49 WAL SRR 2L aka FU5HIIE IR April 27, 2012 36 / 49




Stokes Theorems Stokes Theorems

o E R De Rham L [A] &

Remark Definition
— 4t Stokes TEHH: ifz‘ﬂ:lﬁj\fr df = f(r(b)) — f(r(a)) Z{a‘pﬁﬁ‘é‘]ﬁ’?ﬁﬁﬁl\/f,cép ; Ap(l\//’\)\_),A"JJrl(M)%gﬁ’r‘&"Hﬂ%
Y GreenFH:  [,(22 — 92)dxdy = [, Pdx + Qdy 2O = her i, “éﬁﬁf'@fgg% S
T SR [, dio = 0 (M) = Imldp 1), M-LoAT =
%@%?}ﬁﬁﬁ De Rhamiﬁl}ﬂg‘:ﬁ(ﬁﬁ“ﬂ) HP(M) = BP(M)
Remark (PR Theorem ([FI{EANEE)
o [EEAFEMIMIE: WM, NFfE, MHP(M) = HP(N)-
TE M :densityZ Ep : V x - x V — R e EHRINFA L & -
FEp(xt, .y xn) = |w(x, .., xn)|, wEAEE - 7] E LRSS
o LRI A, WIETTE, =M. Theorem (de Rham &)
BRI, 2B, [FIFEE Stokes iEHE - ) AP (MR E 946 N2 1 1 L IR R I
WML SRR Z LA aka HUSHRTE IR A April 27, 2012 37 /49 FkEZ (BUAA) MO RIE SRR E LA aka FUSHRTE TR A April 27, 2012 38 / 49

CORIZNDIE 2SS SR HT

[CORINDIE 2SS SR HT

Al E AR 737
Remark
o WIHLHBAEL [ 0=, [, bw o (M, g) B nthEATE I
Jew=JpGw o BEESFEN. g TM o T*M, @(X)(Y) = g(X,Y), iEHX.
o JLEERL, MEHINTN? (X") = X

o StokesiEH: [, dw = [, w. o (ME—)REBMAFALI: dV, = \/det(gj)dx! A--- A dx"
1] B M 592 o WE MM INREFRILAINNFTFHTEME

o REVIYNIERS MRS MTE Ve = (NodVe)lom.
- ST

WAL SR E UM aka ST KA April 27, 2012 40 / 49

WYL SR B aka ST K April 27, 2012 39 /49




[CORIZOIE SR ST T

RUX

Definition (Hodge 2 H F)

] SE [ IR BRI 8 LM (RIHG )BRGT - C°(M) — A"(M),
*f = fdVy

A LAE SCRREREIRAGY [y £ =2 [y, +f = [, fdVg.

Definition (HIU)

5E Ldiv e T(M) = C(M), div X = «~1d(X_dV,),
Bld(X_1dV,) = (divX)dV,

JURTE S LxdVg = Xod(dVy) + d(XudVy) = div XdV,
] 24 ARG N AR ﬁj\EﬂMMRvo/(et( )) AR LEE Ze div X
JRHRABHT: div(XT0xi) = gl g (X' \/det g)
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[CORINDIE 2SS SR ET

FH TR 7

n= 375% SIE

PR EME (FIF) B3« T(M) — A*(M), BX = X,dV,
Definition (JE/%)

SE S ccurl - T(M) — T(M), curl X = B~1d(X"),
Rllcurl X L1dV, = d(X°)

Definition (T M &7 45))

HEEH) HERATIRIZ, ©dA= NidVg;
mx.fsx_ Js(X, NydA
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[CORIZIE * SR S5 T

RUR € #

Theorem (REZ Wi HEUE EH)

(M, g) L IE— BB M RAX,
fM(divX)dVg = f8M<X7 N)dVg

Proof.

F|FHStokes EFH;

Juldivx)dVg = [1, d(XadVg) = [, XdVe
*”E'%ﬁlﬁﬂﬁiﬁxmv = <X N)Yd V,

Loutline:| X = (X, N)N + X,

XTadVg( X1y .o, Xom1) = dVg(XT, X1, .., Xpo1) = 0 0|
FkEZ (BUAA) WAL SRR E L aka HUSHRTE TR A April 27, 2012 42 / 49
TR o SHs T
HH T AR 93 Fr)Stokes i€ #
Theorem
fs (curl X, N)dA = f (X, T)ds
EPNE%(H?E% dsHSHENFAREFIE; THSHF ERBRAIE
ﬁtﬂﬁ;ﬁ% )
Proof.
FIFiStokes EHH:  [o d(X?) = [,5 XP
curl XLdV, = d(X°)
X’|os = (X, T)ds
JETE TR X® = fds, ds(T) = 1;
f=fds(T)=X(T)=(X,T)
DJ
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[CORIZOIE SR ST T

— R SRR ET

TR, |
COO(M) grad 7.( M) curl T(M) div COO(M)

T R
(

A(M) —L AV M) —2 A2(M) —2 A3(M)

Corollary J

curlograd = 0,divocurl =0
PENIET: Af=+divogradf

ﬂﬂ%ﬁﬂﬁP?—'?LapIace—BeItram'i.(HodgeiEj()jrg[ﬂ
JRERAAFR:AF = _ﬁa?d(gu\/m%)

WML SRR E LA aka HUSHRTE IR A April 27, 2012 45 / 49

[CORINDIE 2SS SR ET

WANET

Definition (5R7MU5)

FESL: 6 AK(M) — AY (M),
§ = (—1)nkHDFL . g

H6od=0,
FAIEHE (dn, &) = (n, 6¢)

Definition (FI%E F)
%€ M Laplace-Beltrami: A : AK(M) — AX(M), A = d§ + §d

Remark

Af = —divgrad FEEOER _ES5HITEE L—2

Aw = OFR AT

Hodge E¥H: (de Rham) L [FIAREHITTER AN ZNME—Tf 7€ -

v
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[CORIZIE * SR S5 T

Hodge EH T

Definition (Hodge % 1)

BRESMERZERV, = PffRw = el A+ A e B UERIERT:
* 0 AK(V) = AnK(V), k(b Ao neF) = ekt A e

Proposition
o FEEMER (E,nw=EAx
o XMk o xn = (—1)kn=k)y
o TR (&, m) = (x&, xn)

Proposition (Z2EF)
o M (& mdVe = [, €N *n
o xdV, = 1,x1=dV,
o divX =xdx X’
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V.

(CORIZDISUEE VY LR g A A A

e LR 7 i A 7

Theorem (P57 E #H)

Q WREUEH: BENIBHEF M- N, FEE—ptIBREF, L
5, MIFFLEASp € U, F(p) € VIEBFIU: U — V2SR FR
SRS R AR -

@ Stokes TEHE: Sy dw =[5 w.

© ODEfGFHEME—EH: [E—HIEMEYY, FEW R KREED
Mo:DCRxM-— MERNLS NEFTRY, B

o OPIEME—IRARFA I Hh 2%
o 0 5EM, = (p: (t,p) € D) LHIRGTFIAL -
o (0:).Y(p) = Y(0:(p)), Y ZRTFTONZER) -

Q &It PDEFEAME— EH (FrobeniusiEHR): LM _EHIK4EEIE 5
(B SRV ERTE);, MR RT LS5 H
H[X, Y] € LIWFEE—MRSTIE RS HEL
1CL = span(dy1, . .., Oyk).

v
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[EEpiENIoE 71%¢ PDEFIHA

W N At

4>,

Z0. (BREEER)

N

o FFF: MR R w = S0, dxi A dy! SEHT

MH: Halmilton 1%

o Wi I REAIM A LA FR:
flr. IMESTRE, HEHRE, EEREEIRE
o AL
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