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What to study in this course?
Key to Modern Mathematics
Tools for math and its application
What is differential manifolds?

Course introduction
Content
Information

A A AT S

» IUARE2AEYR (2 ) 1930's Nicolas Bourbaki School:
With the goal of founding all of mathematics on set theory,
the group strove for utmost rigor and generality, creating
some new terminology and concepts along the way.

» BIRE A S A (B LR B ) — BV (R
AR )

> JuBS 55 F: category and functors

> N B L. oy RE. BeEEE, s, geit, R
PO, BEEEA . . .



Koo b H N AR TR (RS Gl X

» manifold=mani+fold

> JREEI4ER: local — global > 5 FE=manifold+differential structure, 74 JL{A] =479
> ZRPERIAEZ M linear — nonlinear F+Riemannian Metric

» HPRFITCF: finite dimension — infinite dimension > MEAENEZSE]: AX + B =0 — M50,

> BRI RISy LY 47 B4 AX?2 + BX 4+ C =0 MiZk; ... F(x) = c, K°F#(level sets),

F~1(c) iE
> T SREMN, F4EMN, orbifold, varifold, ...

AR %5

T A
WAy, SMEREL THE— R, U
> NEMD ML, k. — ldeas > R, BRYERE: 05 )L . (Lectures on Differential

> 2SI BB UM IRRO AR, — Theory Geometry) Recommendation |
> R F IR SCER. — language, tool Mrdete: TRl . Recommendation

Spivak,Michael: Calculus on Manifolds. (¥t JE L FIFAR 4)

Lee,John.M.: Introduction to smooth manifolds.

vV vV.v VY

Lang,Serge: Differential and Riemannian Manifolds.
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Introduction and calculus on Euclidean spaces,
Differential manifolds and tangent spaces,
Multilinear algebra and tensors,

Differentiation and vector fields,

Integration and differential forms,
Fundamental theorems of Calculus,

*Lie group,

***Advanced topics: generalization and application.

Total(100pts)=HW/(60pts)-+Inclass(10pts)+Presentation(30pts).

Homeworks:there are about 7 HWs, each worths 10pts. The
best six of seven are counted.

Final Presentation: The grade is based on in-class
presentation(20pts) and project report(Latex)(10pts).

Inclass(10pts): encouragement for in-class questions.

R R

» FiREHE: = (9-1097) FEg304, 1 (9-107) F
F9306.

> FAAETTE: DY (12pm-2pm)ERTHZ . KR FERCHE501
» PR 134-3920-1025. sirongzhang@buaa.edu.cn
> PREEMUL: sites.google.com/site/sirongzhang/

Final Presentation

» Presentation topics (Chosen by Week 8) : below are some
examples, you could choose your topic(and need the
instructor's approve). * Infinite dimension manifolds(Banach
manifolds and Hilbert manifolds) * Complex manifolds,
Kahlerian manifolds; * Fiber bundle, Jet bundle; * Integral
manifolds; * Symplectic manifolds, Poisson manifolds; *
Riemannian manifolds and general relativity; * Orbifolds and
Superstring theory, * Current, varifold, geometry measure
theory; * Algebraic manifolds; * Statistical manifolds;

» Project content:

» Each presentation includes background, concepts, methods
and main results.

» In-class presentation(time TBA): each person for 20-30
minutes. All students grade others’ presentations by A,B,C.

» Paper: in PDF format due week 16.
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What to study in this course?
Key to Modern Mathematics
Tools for math and its application
What is differential manifolds?

Course introduction
Content
Information

WKL B A 2 TV 4R 4h =5 H)

> RINFE(X, T): THE:X 53N A 5, 2L AR, R PR
= {(a, b)} A4 ( ,T):
> ESEWT: (X, T) D (Y, 7))
7 X vueTl,f~ (U)GIE, E X [FR
» MR Hausdoff(T2), I E3E(A2), &M, S2L:
B BRI FERE, FEARE(FERE).
> M. AR, R R, AR, B R EE
o
> BRJLE S EENE RS d(x,y) = |x —y|, Cauchy &
1,
H: [a, b2 RKELE.
EH: ER5E&ZE. (Cauchy FAREEI— M)

WKL R 708 1] [ ]t

Topology and Continuity
Vector space and Linearity

Measure space and Integral

QIR Sl R (EWSILTE = sl ]

> WEZE(V,F): IER-+H0k. ZtHx
EH: VHIZMTCRHIEBA
R A BN, IEHDIM = n, B={e1,e,...,en}.
> WU VD W R iR, 755 det .
SE Bk MRS H IR AR oF O PR B TR E
f(el, €,..., e,,) = (dl7 d2, ceey -~-dm)men
> SHEZE: Vi ={f:V - R} Wl (e) =1, &= i=
EH: VX VAl e) = 5i
> AR TR, R AR, R A .
» W p: VXV — R MEME: MR, EE, =A%
WA (v, w)|,. IEAZHE, Gram-Schmidtfiik,
EH: pHVEVIR— MM p(v)w = (v, w).



WKL B A2 ] A Dy ] i 25 ) WKL B 70 1] [ ]t

> AT (X, M), Moo R#: WIEEEIEHE . K .
M-S T, Borel Tl Topology and Continuity
> WEE: o M [0, +oo] 2T B ML S N
N(Zn-i_oo Un) = Z:_OO 1(Un)

> HIEIE: Sefib, TERHIE(Fubinist ), # AL Vector space and Linearity
PR (Rieze R~ EH);

> Lebesgue MIfE: u([a, b)) = b—a
» *Riemann-Stielties I & : F 54748 7 bR £ 25 [0

Measure space and Integral



Lecture 2: Review of Calculus in E”

%}%ﬁj\{)ﬁ% Differential Analysis

Linear maps
Derivative maps
Second derivative

Calculus on Differential Manifolds

KA
sirongzhang@buaa.edu.cn Integration
Step maps
Department of Mathematics, Beihang University Mean value theorem

Lebesgue Integration
February 27, 2009

Fundamental Theorems of Calculus

25 ? 2 i B
WWME — FRIZMEBUNSEE R L(E, F).
Question. UG i T, A
ER=RY B A f:UCE" — R"#Ep A2 I W PRI SELE J
’ﬁ‘/AIE%"Aﬁ‘? ﬁ‘ﬁmzéﬁﬁ}? - A:-Er — RM }:ﬂ w . Be CcE" - Rm,ﬁfg ”th0 % =0 and
Answer: f(p+ h) = f(p) + A(h) +(h)
AT TR R m M & R .
FRBAES — S EE AR O Remark
Remark (#i2:) FATiC p(h) = o(h), A(h) = Df(p)(h).
1920 Banach ZF[A]HI# 5 50 Hr#E7 . Frechet, Hilderbrandt,... Proposition

Reference: Serge Lang, Real and Functional Analysis(GTM142). L EPEA(h) 7E— A A A
. —_ ) - (13} E - ), o

2. fEEPIAITH, WIf 2Ep RIIESE,
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Definition
WRFFEU C E"_EAMERT R, e KSR U — L(E",R™),
f'(p) = Df(p) € L(E",R™). f'thi2 X3 Df FR A 151 -

Proposition
1. D REIER, TR AT E TIEM, 52 B A Hy ik
;
2. FEHEERE. Df =0. f LMW, Df =f.

Definition
JOE" = By x By x --- B, i2f - B; — B L R™ B Sm %
Hf BB M-FEL, K Dif S

Remark

DF = (D1F,DyF,...D,F), TEZETFHIZRRHA mx nfEFE,

o1 B

Definition
f ol — EFR KBt (step maps), WIREWiAE: | A RAHAE
WXL, ..., s EERENX A E Dy 5 8o i BB A
[a] %St (u, E).
Definition
RGBS, & XX A][a, b] LKA
K[ = [PF(t)dt = =T vip(lh).
Proposition
> BEPNELE R AT AR Ay — 7 BRI 7 51, B — B Stk
FR. AT AT LA SE X SE R IR 7
> RIPESt (1, E) — E— MBS (BRIMREHE (RSP
B [e] AT k)

> g : R — RIGLHEBSS, W[ (g o f)(t)dt = go [} F(t)dt.

—pr 3

Definition
EMFES: DF - U — L(E,R), & X =Hr34
HD?f : U — L(E, L(E,R)). 2ElA] LLE X w34k f.
Remark
L(E, L(E,R)) = L(E,E;R).L(E,E; R)£ZE x E — R H
#. #id kL2 (E,R).
Proposition
1. w:ExE— REXXLMERE, WDw: U — L(ExE,R). H
Dw(pl, p2)(v1,v2) = w(pl, v2) + w(vl, p2),D?*w =
const,D3w = 0.
2. FHD*f(p)Ep rELL, TSR RXT TR I WL MR AL
BID?f(p)(v,w) = D?f(p)(w, v). HF5IH Hessian ki F%
3. #g: R — RHJLEVEBLSS, WID?(go f)(p) = g o D?*f(p).

Remark

Xt -7 R A AR

B (e e B

Lemma

BARE | [, fdpl < [, |Fldp < [IFlu())

Theorem (AR 73 B 5 )

R0, 1] EiEst, WEHLF - [0,1] — R, F(t) = [, [0, 1]AT
W, H-FERHDF(p) = f(p).

Theorem (FR43H{E e 2E)

FfU—FHESLFRH, HZBp+tq, 0<t<18GEFTFU,
H

1 1
f(erq)—f(p)z/0 Df(p+tq)th=/0 Df(p + tq)dt - q

Remark

X T R 2 [ Taylor 22 7



& DAY

Definition

TES B 25 (0] St (1, E) L8 X 38

B |[fl = [, |fldp = fo

St(y1, E) HeFu 85w AL AR BII 232 L2 ().

Remark

By VLRSI BEXT T4 DURS AR 51

WETER S FER M T A B F LA i e, Bt — )

—EEAHIR A AR
> FRISE B (Fatou 51 2] #HINSUEHE), Fubini & 3,
> HEBCLELFT MR EC(R™)AEL (1, R) NHZ .
> Rieze RNEH: C(R™)HIER FAME—HE —NIEBorelfll

BEu, H

/\(f):/fd,u = (f,du)

PR o ) B A s B

Theorem (i¥ PR %l 2H)
WIRF - BN — R™ ZE 5 p4bDFf (p) A2 AT Le HERR S, TUIF 22 p #5 W T
N EBEIIR . M I A S B 138 R 4L

Theorem (43 77 12 JR # A7 7 ME— 5 2E )
Bf U — EZELLAM, XMME—kp e U ME—FEDXE_LERS
HHZEF - | — U174 DF(t) = f(F(t)), F(0) = p.

Remark

XLk PE i b 2 77 R RALUFAERE L o
Theorem (StokessE H)

/dw/ w
M oM
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Definition (n4E#i P TEM)
MZ P HiFh a5 16, FHAE -
1. JaEBIRIE S n 4 Bk L 2 {8 4% ]
2. Hausdorff Z5[E](T2)
3. HAHANFE(A2)

Remark (J7523Fc:)
1854 B.Riemann;
1902 D.Hilbert;

1913 H.Weyl

Lecture 3: Topological and Differential Manifolds

Topological manifolds
Definition
Examples
Classification

Differential manifolds
Definition
Examples
Smooth maps
Results

JRIFRBR L B A 2% ]

Definition (J&#BER L HL 745 [A] )

E—Hip € M fEZETFERE_E [FIR B 6 - U — E".
Remark

BAIFE (U, ¢) M E—BER

o(q) = (x*(q),x*(q), ..., x"(q))

Proposition

1. WL 4855 A A3 TP AR B, (1) M FE
0. BB IR F LRI BRI, (AAFAst)



Hausdorff &% H]

Definition (Hausdorff Z¥[d]: T2)
WRM_EAE— P iip, q FFEEPT IR HITFEU, V A
FpeclU,geV

Proposition

L AE— WS H B PR A2 ME— ] o
2. B RAHILE.

APERIN NI

R A 2225

Sphere turns inside out

Proposition

> M TFFERn R TE o
> FFMIEM, x N, 2 n+ p4EiE.

Remark
AR : JFEBERS 225 6H", Hausdorff, 1 R $H1I# #
5[],

k€S

Definition (&)
BR—EMHE T4, Hikie
1. A REFBHRENES

2. WABy, B, € BIfHx € By N By, WS —1Bs € B 1#

?§X€B3C81ﬂ32

Remark
Bn EIHEE K — M _EFHEHT .
BH T3 AT HUN FR A A2.

Remark (FHARH M R)
FEIFE: R BEMAZIEEL
BE M FEEE.
R MPIZEARFEETTE

EXAMPLE (B3 E1R)

WRHF - U C R" — RFIELE, 0 BEHIE Sy
F(F)={(x,y) ER"x R*:x € U,y = F(x)}
C(F)Z MR TE

FEXDE(x,y) = x,(T(F), o) 22— T2/ F .

EXAMPLE (nZEERT)

10S" = {x € R"Y . |x| = 1}.iFBH: S"EntEiiIE.

EXAMPLE (n#E¥RIH)

T =S x S1.. S,

EXAMPLE (n4ESft 5% 2% /)

ICRPM R i ] — Y T 2 [ 5 o



I FH SE41

> U ihZk, i (BKiE, )

» S50 B2

» ¥ GL(n,R), SL(n, R),0(n), U(n);
SO(n) = S, SU(n) = §3

> ARBUUT: BT (variety), 7 7 ml, BHEEN.

> 2% mRRENHTTREH, FTUEERE LR E R
SITRRA (B RSE).

> XIS AN TIIE, Lorentz EE, W /& % BRI 52 (TR
FHOBEAEER? A MR ERNEESHRE.

> BT string i: A4ERT 2 +-64ECalabi-Yauiit ¥

2 R G517

Definition (n4E#hFMRTEM LTS3 4514)
MEN T A A{(Us, 6a) @ a € 1} &R
it -
1. {(Usy¢a) 1 a € I} BMB—P B
2. JBFARITHTANBER A CT RN
3. AZCTHRAH.
FRAKM _E—ACr 5 4584 o
FR(M, A) Zg— P CT 15T o
Remark (A~ [A]2E51)
C° et e
C> Sk
C SARNTIRIE C¥ BN n = 2m

TR VAN S

REOT — REIR T

1L =M. 8§41, 2, 3gHRMRERIRE - paig
. (n=2 Rado 1925; n = 3 Moise 1977)
n =41 RHE, n> AR5

2. —YENNRFEB: WA —YEHR N R IR S el B SE S

3. T e BANRE TGN TUR R AR, BR
SREAEEA, S FIIEEA, (1907)
BRARMER: (M) = v+ F — E, X%
Hx(M)=2,2—2n2—n

4. = HE5rKEH: Poincare JEM: (F—EAFF KRS =
FRERESS3.
S.Smale(1961):n > 5 1EHf.
M.Freedman(1982):n = 4 IEfff.
W.Thurston(1970): JUfTHAEAE: (F— R =4RE T LAY
A R, A )\ AP —A U S5 .
G.Perelman(2003): iFH

5. 4 #E R UL ESyJER: A Markov(1958)ilFE B ANEAE4» R EE
%o

Yeg Atlas Hi B

Definition (CrAHZE(FH%))

WRM LT MR AR (U, ¢), (V,0) - UNV £ 0,5%E
o (;571 o(UNV)—=y(UN V)%Crl%ﬁ(ﬁ%)u

Fap o L K Ahs R T JE T (transition map).

%(U7 Qb), (Vv ¢)%Crﬁ%°

Definition (Jt¥#Atlas)

WRM LRI bR FEAABZM, HH P (EF RS bR
F(U, 0), (V)42 o o o~V RIGIEI I FIE

RAKM _EF—AH Atlas.  J& T Atlasl bR -FFR R 250F
JEIFAFR

Remark

L. FrE bR R HIZEE 1 COH [T -
2. AtlasP@ME—H;: A= {(R", Id)}, A> = {(Bi(x), ldg,(x))}



AR R P A AR AR R 7 FIE B e Y

Definition (F} K Hb &)

FRM L I F AR, W RAT— A bR G AP (45— A g »

RHEEEIEHEN], B RIEFA. Proposition

> LM KIEFNFFFEEARn I CIRTTE -

Proposition
B PN > FTHOLIFRIEM, x Np & n+ pHEICIBRTE
1. M_LAF iﬂ@ﬁ%@a? MR KA > FRREIRN o1 TF-FLE (pull-back ) & X HE 4 MG #h S5 HI I 7
2. H— 2R INRIE R — ORI TE . ZH.
Remark (M4737R) Remark (Einsteinfl1z{4xE:)
1. fE— 5 R (U, ¢) U E— S bR . AE—mip € UK 0> 2 X e = X'e;, i B EHEFR (dummy index).

FEm0(p) = (x5, X",

3T S
m AR R
E@XQEA?;-{;(A—EHJ:*T%) EXAMPLE (RP™)
RLAGHTAS . it (RY. Id).(RY. &) - = x3: WxAERT T —IEZE T, 8[| Widx, OB B2k (— 4 FZ&5IH]).
mﬁj | 7%17”%" ﬁ ( ’ ) ( )¢) (b(X) X RPnEﬁfﬁj—l‘m%gjﬂ : Rn+1 _ RPn,T('(X) — [X]%%o
EXAMPLE (n#EEKTH ) AFRFU;, ¢ AU = m(W) - Wi = {x' # 0},
SN IEIB 11 # [ Al FUER B 5 1) b T 5E (R — 1N 808 45 1 i—1 Ui+l nt+1
o bilxt, x2, .., x"T] = (X— DRI )
1 b b M XI’ M XI' M XI' b b XI'
EXAMPLE (n4 ] 2 W5 4% 1) )
WVIIHEAE; i =1,.n.R"HIH ge; - i =1, ..n. 11 ) 1 i1 ; N
FHBRAIT ROV — R 6(X) = o(x'E) = x'e; R e e R
HEREGHIERT R, FRARMEICIF S i > J,
EXAMPLE (%) 11 o , ul 7 T T Ut S RT u
m x nfEFERmnYEIFTIG . n x nAIEHEFEGL(n, R) En? 48 g0 (U, U, s ) = (?j""’ u oup oy ’?j’?j’...’?j)

Wl. ***Grassmanfiift: n#En & 55 A Tk 4155 R £E
A G(n, k)2n(n— k)YEXLIFIRTE



e B H BT

Definition (JGiFLET)

F g MOEIBRTEM BIN BIBET  FRRAEM T, WRE—p € M, FF EXAMPLE (J6iE R, il k)
&%i’%’é@ﬁff(U, ) B Fp AR LRV, L) BEFF(p), f:M— RiIZAHC®(M), BNLTFHRE W (RE? )
FEHF(U) C V, EEBU) o F o o~ UESEIFBA ((U) — (V). Fol— MoEHEIZ ()

i0F = ¢ o F o ¢ L hF BIMBERF TR
EXAMPLE (#1557 o5 L)

Proposition FeSaA: 1 S" — R0
> FAEIIE )5 A bR B BE TGRS : 7 Mx N— M
- I LB RIRAS: w2 RTT/0 — RP"
> LB HET IR A A2 Y EXAMPLE (4 [FiE)
RY W 4EM%40: (RY, Id) — (RY, ¢): f:t — t1/3
Remark FER SR FAIE. f(x) = x/(1 - |x|?)

71 [FHE (Diffeomorphism ) A7 25 T8 18 B 1K 7 1t
HF - M — N, ZMEIN K —GH [FI .

(D EAEEENIELT S

W S5t — R

Theorem (HAL 5 )

(A DU T _EAAAE— P8 (FTE0) 678 6 I 2
0<f <1lsuppfi&E, Y fi=1.

1. J6IE o S5 HIE—(Munkers, Moise ): n < 3 ff4r FEIERE X
TE—.

2. BRJLEAEZS[AIME—: n#4
n=4,7J%% . (1984) Donaldson, Freedman.

3. BB A EHRINRE LM n > 3;
Milnor BBk S7 A 284M# o 4544 o
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BRI MU T ?

Question:
a2 S50 AR
L]

Answer:

IR AT R SR
LEIE .

FREAEE —ARERE—
SRR O

W-aXIS

u-axis

Remark

JE X TCAF— pa bt a5 ) 7

JE ST B T — St B 2 PEAE T ?
Ui B e G AR R G K !

><

R LR

Tangent spaces

Extension of Tangent spaces

Rank of smooth maps

Submanifolds

%T.
R

(B ] ) &

Definition (JLA[ Y] [']EWIEH)

F—Hpc R",iIER? = (p,v) : v € R".
p

Fiv A Ep B U o & o

Remark
Yl ] 38 T 7] T4 :
Dy|pf = Dvf(p) = %|t=0f(P+ tv)

D, |, £C°(R™) — RI— LWL

Lecture 4: Tangent Space and Submanifolds

HLH5 2 TAEN o



WKL LA 2 a] ) 31 =5 )

Definition (JGIH B2 T)
—PEPEBX © C°(R") — RERXHAFEp i [K]-F T (derivation) .
WEHEX (fg) = f(p)Xg + g(p)XF.

Remark

W-FFHRA AR AT, 2 T,(R), B Ap 8147 6] .
Lemma (5T HI1H )

1. FRFEEERE X =0
2. f(p) =g(p) =0,X(fg) =0

R RV =S 8]

Definition (Dt E_LHIPIAE(A])

—PNERPEBGX © C°(M) — RIF K ZEp 55 HI-F T (derivation). Ul
RIHEX (fg) = f(p)Xe + g(p)XT .

BRI p R 5 T AL I 2 AL 7 p A B2 AT T (M),

Lemma (<33 K1 5T)

1. FRFEEERE X =0
2. f(p) =g(p) =0,X(fg) =0
3. FAEPIHIFAE Lf =g, AXF = Xg.

D)2 [A) B JLAAT i) B2 ]

Theorem ()% [H] [F]#4))
WARR_EAL— Rip,Wedft:vp — Dy |p 22— MR EIT,(R) I
Proof.

1. BB R

2. WRE B,

3. BRSNS o o

Taylorf&FFf(x) = f(p) + 30 55 (x" — p') + 2 &i(x)(x' — p')
L]

Corollary

%‘P: s %‘péﬂ/ﬁsz(Rn)Eg—éﬂgc

T B VIS

T

g

M——

Definition (push-forward {IJBLET)

LENIFIIF - M — N, fEF—piE
M N XFo: ToM = Tr)N.
F.(X)(F) = X(f o F)

Proposition (J]BLET )57

1. F 2NN,

2. BE#AVLEN(GoF).=G.oF,

3. HF MR, F ALY,

4. FERFFTFEERAG : U — ME5
i, . To(U) — To(M) [,

Ty

=

©



ARFR R IR AT 5

Corollary

(¢, U) M ZEP RHT— AT R x|, 52 | o AT (M) Y

— 4%,
Hftoflp = (&) g o) W ALH I B2
_iBX — Xl%‘p,X’%éIéifﬁﬁr
Remark .
L ENIBWGIF - M — N, HERFRRF =poFop™;

HELD) = 200 )ay,m,,
FRE, JIDF (p), df (p), F'(p), 12501

Proposition (Aepr AR )
B2 |p o2 | TN RHIHE: 3D, = (D)2,
:@fTﬂf?ﬁ@ X =Z(p)X

IS A IS5 2 X

> JEIE R EgermZF: f~g,f=glu iﬂﬂ\JC;,’o
To(M)EICse EfR 7200,

> I SIS FE— S BV a A F 1) £

> R AR N E — KE.

ek R V) i &

Definition

WIS - | — M, HiZTEt 5 Y] [l 2 4
I’,(to) = Iy (%ho) S Tr(to)M-

ﬂiﬂjﬂ%(to).

Remark
%wmm-_W”()w&&@%weﬁf
MERZEIR 1 (to) = (r') (t0) 52| r(10)

Proposition

> FGNJEEX € To(M), 775 LR 7EZ Y] 17 & 7 X
— HEENE=0)7 ] ?

> RE ML HIBERTEN (F o r)(to) = Fu(r'(to))

RV 8]

Definition (X7 (1))

TER PR TIA T T (M) IXHE A [E], ig A T3 (M).
10w, F ydx'

Definition (4R VJWLES pushback)

GRAMBSIF - M — N, EAEpEXF - TE N — TiM,
F@)X) = (FX)-

Remark
HAFEH I dF AT
F(p+v) — F(p) ~ 2L (p)V' = 2L (p)axi|p(v) = diy(v)



T B R

Definition (WL FIHK)

GBI - M — N, FEAT—pYBist
HF, - ToM — TN, & XF FIRE K e B F B o
HArank(F).
¥R rank(F) = kX EF— mIHSERIL, FRF 2Bk A7k B 5 R Ik
4t

Definition (PRI 43-28)

LN MGIF - M — NZFHFERT, WRrank(F) = dimN,FXF 2
BB Wk rank(F) = dimM,ERF 22N WL

FERIGR B THRIFIEF (M) C N, FZERA,

HF : M — F(M) 2RI, FRF 2GRS o

Remark

F A2 75 1 gt BT F A2 35 5

F 2R AW BIF, A2 545 ;
TETEHFMRA AT RN BT o

RS Ak v 2

Theorem (3 ER % E BE)

LRENIBWEF - M — N, ZEAE—p VIS F A X AFESE
HHp e U, F(p) € V. E1EF|U : U — VMR, FRAJmE8H
I AR

FFAldimM = dimN,F 2R EERN , #2 R ab il ot FF R o
Theorem (%% #)

LTENIRIIIF - M — NAZFEER, W Rrank(F) = k JUHE—
ﬁpﬁ‘#ﬁ)ﬁ;}%”é@ﬁf(w) (¢, )fffvngE'?_—éﬁ_ﬁ'?

(! XM = (x1,...,x%,0,...,0).
Eﬂ%ﬁ@?ﬁfﬁﬁﬁffugﬁ@%/&*%ﬁ

Theorem (7 FRILST5328)

LRETCIBIF - M — NAZFTRET, UIRF WS, FRAMESE
WRFREL, FREA; WRFRXUR, FRMFRE.

¥

EXAMPLE
KRB, : 710 My x My — My
WA (B ) RN §: My — My x My

EXAMPLE (3/TH)

EXT R — R3HT(¢,0) =

((2 4 cos ¢) cos b, (2 + cos ¢) sin 8, sin ¢)
TR, HFHEATRNA

EXAMPLE (St #hk)

R X\ FH (figure

8): r:(—7/2,31/2) — R?>Jyr(t) = (sin2t,cost). BAR
A(F'(t) # O)ANZIRA .

TENFREHILE: re: R — St x SYyrc(t) = (e27t, e27et), 22
A, cCHEBBALRN!

Definition (FRAFIE)

FHES C MiBE: ff*ﬁp € S HFEM LRI Fo, U, H
S(UNS) = (xLx2,....x,0,....0).

Sﬁﬁﬁ%/\k%?/f’]ﬁ/ cod/m( ) =n— k.

Definition (R AT HIE)

FLES C Miii2: SEKGLERE. Hi: S — MEXIFRABY .
STARAKYEFIRIE, codim(S) = n— k.

Remark
MR TFUIIERRA TFIIE -
BRATFIIEKIH I EEAE R FEKH N



BRA T RIEHIB]T

EXAMPLE (B& %51t &)

M(F)={(x,y) € R"x RK: x € U,y = F(x)} A FIRIE.
Kol Ja el A R B R SR R A TR, S”.

EXAMPLE (% FET%F)

SL(n) = {detA = 1} Edet 1 (1), IR FiR . n® — 14
O(n) = {AAT = 1Y 1(Id), ISR T . (n — 1)n/24E.

Remark

THILIRIGHIA TR En — 1VHEHIBIRA TR TE o

TURIEHI o 45 R

» Sard Theorem: fF—ME S 1) JFAR I E A %

» Whitney A EH: (E—n4 ML LEERIFIRANT
W, (et A2n —1)

» Whitney ik N EHE: AT —n4EXIF AW AFEAE R
T, (Tt A2n)

» Whitney &I & B AF— Y _ERELSL R TH —I

> ERAEEHE: RIS MRA T I BRI

» Whitney JEIT & B AF P9 G VY [B] IIE SEBUR /T — A0
T WL SR R4S IE I .

TURIEHIAE N

Theorem (XA, BATHIE)
RA T = A5
RATRE = BABLIE.

Definition (7K-F-48)

LI WIF - M — N, F~Y(p) R A K- FEE;
HF(p)2s, FRp A F BIIER RS, I 57 Ao

HF Y q) MR IEN k. FRqy IEIIME . XA SRR g IE K
£ BN FE

Theorem (BRES FIZKF4E)

LTENIFIIF - M — NZFEEER, W Rrank(F) = k, A£—7KF
R — P HIFHRA T TE (codim = k).

FEAF BRI, ATE—7KFPEERZ HIH I codimNZE RN TR TE -
T35k, AE—IENZK-FEE R H I codimN 4EIRA TR T «
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e M 2 1) AT e M B 2

Remark (Z&f4:2%[8])

0V AL tE=za, e fF—TLHKy = X'e;.
HAH:6 = Aej = alej, LA = (a]), A1 = (b))
MF5AEHy = Xej = %78, & = (A7) 7Ixd = bixd

Remark (ZetERBUEIRIL(V; R))

V> YL e (AR AS ], FE 6 AF— T a = fid.

HAHS = BY = b6l idA = (a]), B = (A7)}
ABpEZE o = i) = £8', T = (BT) 7L = Af, = 3.

Lecture 5: Tensors and Bundles

Tensors
Vector spaces
multilinear functions
tensor algebra

Tensor Bundle
Tangent bundle
Vector bundle
Category theory

2 ) XA

Remark (X EECKT)

HREV, V* ERIXHERE, (5, ¢) = 0],
HAWIEERIHRRA = (4)), B = (A7) L.

Remark (1% 8] %] 1)

HETH(M), T (M) LMSHER LD dx, (5, dd) = 6l
BB dS = S dxd, BIB = (A7)~
R B AR . Hean .




EX R 5B 5

Definition (2 B2 RA%L) > (0,0): %K

fiVix VooV, — RIMEN SRR EPER . R > (1,0): M (YIF )

HVL x Voo Vo BB rEBLPEREL, DALV, ..., Vi R). > (0,1): MR E(AY)IHEdf)

FHeii, e, ..., e, EE Kyniny .. . . > (0,2): XELMFE, (0,n) 2 LM K% (det)
» (1,1)

Definition (k&) 1): SetEAri

FAREVL X VooV, EIr B PERE, VIBVEVZ—, FRfE— Definition (k&R

/I\%ﬁo |=} =X |=) =X

r=p+ g PRV I QI H(p, ) RIK L. Lot R e @) RE W

B P q [ s Vg oo s Vgi+q2) —

LAV TS flat,. .. aPt ve, .o vg) - g(aP o aPtTP vy Vg gy)
Remark (B85 & 4%) ER(p1 + p2, g1 + q2) K&

L(v, R)é@ﬁfﬁﬂﬂ??ﬁ%ﬁﬂ??ﬁfﬁ@, FRAPH2E; Proposition

p A REMEL, q XM AL (FRg)oh=f®(g®h)

TR E RN 2 1] R 5K B AR
Definition (2% [A] 7K E )
Proposition (k& 1)) [HEZEEV, WK EFRZ By @ wERK R ESE. v,wE
BV, V* L3 e, 6 W(p, q) LKA S5, FEERE I BV, W LZe RS, idhV e W
il e . : Proposition
R CLIN LNy P
| > V@ WEdm(V) - dim(W) 4k 5 & 48]
AAFRAE e o _ » Ve WLV, W5R)
FRE b bp gl ar iR
Proposition (5K &AA 2% [A] (FI4FIE)
] FH AR AR R RE 35K B (Ricci). 1F—V, W, X i EES]; WRA .V x W — X BB, 77
Remark (EEHI7KERER) EME—LRPEATA . V @ W — X R v/ WA~ x

=i o e sa | A
A

Ve Ww



SR B

Definition (FKEALEN)

ET(V) = @, o0 TS FIRIGHL . BTRAHABHIL— M
.
P e A RAEL

Remark

Egg%ﬁ'fﬁﬁ T( V*) = GBPZO TB:

Definition (XFFR7K =)

1E—(0, k) h 2L 7K A XTFR

f(x1, %0, ..., xk) = fook(x1,x2,...,xk), ok EHIFHIHE—
E%o iaj@ZK(V),

WA RXFRIK R

ZLN

Definition (PJA\ Tangent bundle)
GREIHMIEM . EXGTEHITIATM = [1,cpp TpM.
H—rmid i (p, X), BARS: TM — M, 7n(p,X) =p

(p, X), Xp, X #8350 RIHI L] 6]

Theorem (VI Z&IGHERIE)

WMEn LI, MTME2n LR RE, Ar: TM — MAZ
G o

Corollary

F: M — N2, WF, : TM — TNZXEH5,

FEEKE

Remark (NFRTKE)

(VRN )RS, BB 18 0g

WH e, XEEES'; gij = glei,¢)), g = giid' ® &. (gij) XTI
P

10gT Hyg FIEHRE, gf = gle @ ej 2 MK ZTKE. K HgHH
ek

) RS R g idx' © dx

Proposition

> GBIV — VIR F(v) = g(v, ).

> R LT FEE:  hy = high h] = higgh hY = hyghigh

ZICiE=e%

Definition (V]1A1 &3 Tangent vector fields)

LEICIRIRIEM, ESGRIERIVIAEGY - M — TMAE— N ESE
W, HifEr oY = ldu.

FERTC IR B R B . Y AR g 19— N THT . (section)

Remark .
AERZTY (p) = Y (p) .
Y I 2 HAX AL bR R ELY I



RN

Definition (4R Y]\ cotangent bundle)

G EIEIIEM, EXRIEHIRVIATM = [{,ep ToM.
H—rmid A (p,w), BAB T T*"M — M, 7(p,w) = p
Definition (4R VI &E cotangent vector fields)

L RENIRIRIEM, EXRIERRVIAE jw - M — T*ME—1
HLEWT, HifET ow = ldy.

Proposition

> T*MZ2nZEXIERE, Hr: TM — MZJEIE T
> F: M — NEIFWS, WF*: T*N — T*MEtEB4T
> w = widx BG4 H AL 24 AR R B I E I .

EXAMPLE (Zefi M)

4 E=Mx REFRIFAM. BIFEAE
VSRR

4 EXAMPLE (Mdbius bundle)
E=IxR/~— S

k = 1FRAEM.

EXAMPLE

VIMFIR I
#M: TH(M) = 11, TK(TpoM).

& X

Definition ([A]E M)
B ENHRIEE, M OIS - E — MAEHS, VEKSEES
[6]; FK E — MAEM_LEI kI EM, R
1. E, =7 Yp) @5 VHIFH,
2. ME— R pTFAEJFE P BT D - 7= Y (U) — U x RKEHHE A
JE, 2 7 L(U) ® U x Rk

U
Remark

PN E-F PGB (L JE BG40 7 UN V — GL(k, R).

Diffusion Tensor Imaging




e A

Definition (section)

JEIFWs . M — EffifET os = Idy,, FA(E, M, 7)— G
B -

18 Hs € T(E). #7714 E XAETTHE_L I Ja BRI -
Definition (Fr42¥frame)

WRAFLES, S0, . .., S ARERET N (BN EEBF—

Hp € M,si(p)ZE, %), Fr{s;i} &M _LE—T 5585,
RIUF R EBIrA «

Remark

JRIEBF FLAEXT . JR B #R A8 7 o

TM_L 2 2 R ihn 4y, T* M_Ldx’ 2 il hndiss (X Fk
7§7coframe)

B JRPRAIGN NI ) A

Definition (JuB% category)

VEBE{ C, Hom} A —EXIZ X (objects), X 5[] [F]

Bf = Homc(X,Y), RHAAGFIR(f,g)=gof; HifE
1. &G ERE (fog)oh=Ffo(goh),
2. HAEHRAFAA: fold=Idof

R RR A AR U R o g = Id, g o f = Id.

EXAMPLE

> L FIEL AT SET

> RIS A FIESEWLE TOP

> SEIBIRIERDEIB B SM, 6] 22 MR WLgt VB
> a2 (A RIS PE B VECT

> BEHIEIZAGROUP, ZEREHIZEAIZASLIE

PNUSE]

fl Definition (AABREHT)

. , , (F,F)2E

Ei) - Eo ME M 1)~ (FN, )i Mt
R 7' of = Fonm HF|g, £
Hio

FEARIM = NBY, FRF M _E M B
Bt

Remark

] ] > A LLE XA

v .Y > VI, 2 T2 MRS

4 . 2 > SRR L A A

i ETRIFITRIM MGt  NFH
B TR3FIR3 x RIIMWLETS .

[N Mo

5 T

Definition (FUNCTOR)

C,DEElE, F:C — DEWEER T, WRHLE
1. X € C,F(X) € D,f € Hom¢(X, Y);
2. F(f) € Homp(F(x), F(Y)).
3. F(Id) = ldr(x); Flg o h) = F(g) o F(h)

Remark
> BAT LLE X R AR T
> YIFF IR TF SM — VB £YUFF: REZFKTF!
> fCEHH: TOP — GROUP [AIVEEE, [AIfe#E*



Calculus on Differential Manifolds
%4%'\7‘?
zhangsirong@buaa.edu.cn

Department of Mathematics, Beihang University

March 27, 2009

G2

Definition (V][a &% Tangent vector fields)

LENIHRIEM, EXRIEKYIRESY : M — TMZ— 1 ELL
wegt, HifEr oY = Idy.
Y tHER A U] o] B M B — T BRIET . (section)

U C TM—2> ¢(U) x R”

UcM—j o(U)
Proposition
Blrk )
~Y(p) = Y’(p)ai,-|p.Y(x) =(x ..., x", Yi(x),..., Y"(x)).

YR I H A S AR RR R A DRI 2| p LI ) A
.

Lecture 6: Vector fields and Differentiation

Vector fields
definition
property
pushforward

Lie Bracket
definition
property
Lie Algebra

differentiation
covector fields
differentiation
pushback

line integral

index of vector fields

D) 1) 23 B PR

Proposition (R 78)
LM LI, X, € ToM, TEEERIBVIFIESX, WEX, = X.
¥ AT ATE SR BB UL € X V] [r] 27 o

Proof.
BRI U, HerEbump R B ST EER A T U AX = X 2|,

o Je@XZ(q) qeU
X(a) = {0 ’ q & suppy M

L]
Proposition (V] 7] #3743 [A])

OT (M) M _EIE RS . T(M)AR &5,
(aY + bz), = aYp + bZ, LRI C®(M)_EHIFE. £Y(p) = f(p)Y,.



Pl E&EH T %k Y] 1a] & pushforward

Remark
Definition =~ o BEM LB VIR HBBHF - M — N, &
ﬁﬁ?f%f?@éﬁ%&)jﬁfg@ﬁf E )ZF*(YP)(f)F(P) = Y(f o F)|, 4 Hi V)7 & pushforard.
p) = Ypf € C(M). EE=e7K4 F(M)? F(p1) = F(p2)?
FEE AU L R f q(iﬁ;[)j i; 1)) (p2)
N . Definition (F Ty
Proposition (J&1##1%E) GEM EGEGY . N EVIEESRZ, Kk
BEM EVIAEGY . Y B ALY &R, XYE— HHF - M — NFRY, ZRFHKIIAIRF(Y,) = Zr(p)-
N Proposition (FAHICHIE)
Proposition (V][ &332 FT) N w i
. - Y 5Z ZFHHKE 25 A EE—F € C°(N)ii£
FEX: HEBGF - C°(M) — C°(M)i# Y(fof) —(Zf)o F )
AEF(fg) = fF(g) + gF (f) BAF T BT (M)AM_ESLHEFHIE
78 Proposition (fF7ET)
WC®(M)_LFFHT(M)——Xf A, UIRF I [FIRE, WAL —M_E [ 45 17 e M —N_E F- A [ 5 5.
WHF.Y
B ] &S ARE el
Remark EXAMPLE
GIEM B IRS VW, VWA B 5 V=xgtgtxy + D)W= +yg,
KBl: R? BV =Z W =45, f(x,y)=xg(xy) =y TBEN V. W]=-2 —yZ
R Proposition (245 B /)

Definition (Z#5)

> XNk
BEM_LYIMEZY , W, TEAIFRES, & XFEHE
B[V, W|f = VWF — WVF, > RV, W] = —[V. W]
[V, W I B (FT). > JacobiEZFF [V, [W, X]] + [W, [X, V]| + [X, [V, W]] = 0
JRAE X[V, WIo(F) = Vo W(F) — WV (1) - 17V, W] = IV, W] + (Vo)W — (gWF)V.

Proposition (JR#lTHH) - S o

RHARERY = VI 2 W= Wi Proposition (-4 & A A TE)

[V, W] = (View _ W)f(an)i . ®F:M— N, Vi, Vo € T(M), Wi, W, € T(N), 21
Ma\ . - ox’ ] ox’ 8)_<j 9 " P P %(‘/n W)%Fw%7 ﬁU[Vl, VZ]E[WL WQ]XEEFj:H;'é
FHEALY. W] = (VW= W) 55020 = 0 RIS . F.[V, W] = [F.V, F.W)].




R

Definition (Z24%%3L)
Ja] 25 [Blg_EWfg x g — g, (X, Y) — [X, Y],#E

> XM

> RXFRV, W] = —[V, W]

» JacobilEZEZC [V, [W, X]] + [W, [X, V]] + [X,[V,W]] =0
g, (|2 NFERL. [| NFR A Poissontt 5 o

Definition (ZFELFEZ)
HIEBUA - g — b, WBLAX, Y] = [AX, AY].
FEAIE FAACH A

EXAMPLE
T(M); (R3, x) AbelianZZ #ZFH[A, B] = 0.
HFEM(n, R), [A, Bl = AB — BA, 12 Jgl(n, R)Eigl(R").

ESkEE &y

Remark
R" LR, BEYNV = grad f = 787
R EY? PRI B TFF(x,y) = x°.

Definition (ERZELHITHT)
FE— I RHS - M — REXIAI H1dfy(Xp) = Xpf .
df BB 1- . 5 dx B 1-TEC. {dx} 4 coframe.

Remark

fo : TMp — TRe(p) Sdf ZEpRI—3 TRe(p) = R.
%ﬁmimﬂﬁﬁﬁ%

WA LA i

B f(p+v)—f(p)~ ZL(p)v' = 2 (p)dxi(v) = dfy(v)

RUIEY

Definition (4R Y] A1 &3% cotangent vector fields)
LEICIRIRIEM, ESGRIEHIRVIIAE jw : M — T*MAE—1
FELE, HiEr ow = Idy.

wtBFR AR U] B — I (section), XFR A TEZ

1-forms.

Proposition

AR ZTRw(p) = wi(p)dx). wi(p) = wp( 7% 1)

w AT HY 25 AR 4 A4 R A0 2 IR Y, 25 HAR XL B Y]
EYX, <w, X > . dx' 2t 1-form.

LT (M) FM_ESEE 1-form, T*(M)Z [fj & %510, 2

FRC(M) LRI fw(p) = f(p)w(p)

o WP R

Proposition

> ZEtE: d(af + bg) = adf + bdg
> FeRE
M: d(fg) = fdg + gdf,d(f/g) = (gdf — fdg)/g?, g # 0
» 4 d(hof)= (W of)df
»df =0 f=c

Proposition (¥ H1Z&1)F4%)

ril — M BXIBHZ, f:M— REXIBRE. G

H(F o 1) (1) = dio(F(1).

Proof.

dfy (i) (F'(10)) = ' (t0)f = (S lw)f = Slo(for) = (for)(t) O

(for) ()RR : o) & .



FHIRRVINEY FHRUEARTHE

W AR

Definition (pushback) , . .
G'w = G*(widy) = (wj 0 G)d(y' 0 G) = (w; 0 G)dG’

DG M s NN 2 Exu;MPLéw y') = (wic G)d(y' o G) = (wi©o G)

Yw, BGC*: TN — T*M : G*(wp)(X) = wp(GXp), _

EX; (6*(w)(p) = G*(wc(p)).p o B G R® — R?,G(x,y,2) = (u,v) = (x*y,ysinz),
w = udv + vdu.

Theorem G'w=(uoG)d(voG)+(voG)d(uoG)

N_ER VI B 2GR, TG (w) A2 G*w = 2xy? sin zdx + 2x2y sin xdy + x?y? cos zdz

Lemma EXAMPLE (A&HRAZ#k)

BENEBERHE, G:M— N, weT*(N), H Id : (x,y) = (rcosf, rsint),

G*df = d(f o G); G*(fw) = (f o G)G*w. xdy — ydx = Id*(xdy — ydx) = (rcos8)d(rsin8)—(rsin)d(rcosb)

| Theorem PROOF: | G*w = G*(widy') = (wjo G)d(y' o G) xdy — ydx = r?>df

Sy LR A e B

Definition (X [A]#147) Proposition

thstwyfa b] EMATEN, X [, @ =[] f(t)dt. > LhE:

il %Xiﬁﬁﬁﬁkfﬁé(ﬁﬁ/@ﬁf/_ﬁﬂf)fhb]w = Jleq @@ > HZBM: [w=[ v+ [ w

> r2WB, [ w=0

Definition (LB _LZAR41) ST 7 o [ I
> = N Fr=roqQ, fW = pw

r:[a,b] — MESRHL, ©e T (M), £X: [w=[2rw

ATHE B 5 B8 25

VD FERR T LA 40 B A Theorem (ZeFR5) FITUAR 43 7€ B

Proposition jﬁy‘%”y)ﬁ%/\/’ijﬁi’g’&ﬁf, r. [a, b] — M%—‘/[\ﬁ&jﬁjﬁﬂ]&,ﬁ
[, df = £(r(b)) — f(r(a))

N I w = b ¥ — bw . /
HHAA: Jyw=frw = [ eno(r(D)de [PROOF] |, df = [ dif('(£))dt = [2(F o r)(t)at.



[IE=eZ i NEi=p

Definition
[FEHV € T(M), WHRV(p) = 0,8 pritgV K7 r.
LA ki IFRFR:  ind, VA2 7] B2 35 [F1 58 p s BEFE 1T FE 4L

Theorem (Hopf)

MZZZOCIRRIE, VRR AL R HELL ) E Ly, WA
FETMAEgEkfr 7~ S

3> IndyV/ = x(M)

S EAFAERMEA AZ MY ES. S2 EAFAES



W IE

Calculus on Differential Manifolds

9GS
zhangsirong@buaa.edu.cn

Department of Mathematics, Beihang University

April 3, 2009

B3 iih £k

Definition (Integral curves)

BN Lr - | — M, WELGEVIRESY M — TM,
FRe2Y —5 M4k, R

r'(t) =Y(r(t)),t el

el B0 e, i2r(0) = p ik BHLR HIEE A5 o

r | — =M

\\LY fl iy
r
;M ;I I’*; ]M

Remark
> r.o i AJLUEEF—&TM P k. 5 Ar It
> SR EBAETEME—

Lecture 7: Integral curves and Lie derivatives

Integral curves

definition
property
flows from vector fields

Lie derivatives
definition
Lie bracket

B3 ith 2 P

EXAMPLE
Y =2 ¢eT(R?.
r(t) = (a+t,b),ME—, TLRKMEZ;

EXAMPLE

W =g —yox € T(R?).

r(t) = (x(£),y(1), F(t) =X & +y'& = W;

fEGFE: r(t) = (acost — bsint,asint + bcost),Mi—, TCHRA M
245

Proposition (*F-#% H1£k)
WrBY BRIk, e |+ a— MWE—KY IR HiZ.
| PROOF:]

P(to)f = &|pf o F(t) = &|yf 0
r(to — a)f = Y(r(to — a))f =



DI B3 A HEF M ES

Remark N —y R R T35 /NE B e (TR B E

B SEM_L B B3 Y AE— P A AT —— RS I EX: Y (p) = 0(0), RAMMTESS MERTE(A R ).

0P R — M. 0'(t) = Y(6P(¢)). Theorem

FEX: 0,0 M — M;0,(p) = 0P(t), £ HMEIT—EIJE. BEEJFRO - R x M — M,Y(p) = 0'(0) 22— tiBHE,
K0, 0 0:(p) = Os+(p)o HoP B IR #h2K.

Definition (25, HSHRHIF) Proof.

LENIHRIEM . EX: BT 0 : R x M — M, i# /2 > YRIBH: Yi(p) = 0'(0)f = £f o (0P) = 2£(6(t,p)).
0(0,p) = p; 0(t.0(s, p)) = O0(s + t, p). XFKAREENIE LHIZAE > BRI, T (1) = V(0P t))

H. T q = 0P(to) ZHEOP (o) = Vq.

Remark 09(t) = 0P (t + tO)d
Vyf = 09(0)f = Gfofd= 0P’ (to)
> 0.2 FE.
> OPZpHIBNIE, MEAHHAZ I E A .

a3 15 5 1 SR R & X
Theorem (JE#BiiL, ODEXEH) Remark (Bk LB {2 Iﬁjﬁﬁ@%{)
(E—IIIRITY . T tEME—HIREK 35 LAV, W], DyW(p) = SWpiey = lime o 22822,
Wb D CRx M— MEMEHNMEMTEY,H Dy W(p) = VWi(p Va5 lp
> 0P B AT 2 ) "HRIE: Wopry — W L X! FFH T R
> 0. 2ZM, = (p: (t,p) € D)_LHIA FINE. Definition ([a] &3 )4 34))
> (0:):Y(p) = Y(0:(p)), FRY BKFONZEH BV, WM LEE FEY, 180 KV AR, EXFEFEH
LyWp = &emo(0-0)s Wy, () = limy o 1pete =2
Remark
M2 BRI RE, g HESHEF— 2 F. Remark

I TEIHCREI IV © R x M — TM -0 [EHK R J 38 LyWEEHEHEY . HL58LE #5677 7P e X —2.



SR GEEE

Theorem
LyW = [V, W] = VW — WV.

Outline: | V = 5y, 0 = (x! +£,5%,...,x")

’
o)

(971‘)* Wf)t(P)_ = Wi(Xl + t,Xz, s aXn)axi
LyW = %\)/\(/1 (x1, x2,... ,x")a‘z,
Proposition

> LyW =—LyV
> Ly[W, X] = [CyW, X] + [W, Ly X]
> Lov.mX = LvLwX — Ly LyX

> Ly(W) = (VAW + FLy W



Lecture 8: Connections and covariant derivatives

Connection
motive
definition

(Gl property
Calculus on Differential Manifolds existence

Parallel translation
covariant derivatives along curves
geodesic
parallel translation

9GS
zhangsirong@buaa.edu.cn

Riemannian metric
definition

April 14, 2009 examples

duality

Department of Mathematics, Beihang University

Riemannian connection
definition
geodesic
curvature

7 R AT 3 5 X

Remark

> TG BEV, W 5T,

d . Woiev—Wp |
DyW(p) = EquLtV = limy_o —25—2

Definition ({5} Bf%connection)
FEXBHIV - T(M) x T(M) — T(M),idH(x,y) — Vx Y, #E

Al e v
> FPH FHBA . 0 Woiey — Wp. 3. FREM: Vx(FY) = X(F)Y + fVxY
R A 8] ol N
o WL SIS TR, oM — ToM BV XY RY EXTT RIFESH.
HAE— kB 5, Remark
o WIS N LRI — K SH AR B GRS,

K; (cost,sint) ~ (1,0); BB RKEY)



Proposition ($£748 345 )R &1H)

Vx Y|, #1X, Y ZEpHIaEBE e . Bl VxY|, = 01X
XY FEp BBy % o

Proof.

WYTERRIEU FoAE,; W R oM S E
FUAVx(¢Y) =0,

Vx(6Y) = X(6)Y + 6VxY = 0,Vx Y|, = 0.

Proposition (F£48 375 W %)
AXEPHRAE, VxY]p=0.
PROOF: | VxY = Vyxig Y = X'Vy, Y|, =0

SR EI AR B H

Definition
TENIREN x T2 € TS, WL
» Vxf = X(f),
» Vxw(Y) = X(w(Y)) —wVxY
» Vx(T®S)=VxTS+ToVxT
JAHERR Vyxw = (X 0wy — Xiwjrfj-)dxk.
Definition (43548 F%k)
TNV TH(M) x T(M) — C(M), V(T, X) = Vx T,V TH#%
PHABZH, HE—Ns+ 1, r)riKkEY,

FF—BR%f < VI, X >= Vxf =< df, X >,
HAFHessian: VVF(X,Y) = Y(X(f)) — (VyX)f

Christoffel BB A7 7E M

RRI:I)

Definition (Christoffelff =
HREM LR ERRRGE;, E XV g Ej = TKE
rfjf/’f\’j] BB BERR 285 F G ChristoffelfF 5. —IH nd3IEIE R
JFR: VxY = (XYK+ XTYITK)E,
Theorem (B4 FIAFAENE)
1E—25 B TRIEM A7 e S 4
> WRJLEFEREZ VY = XY,
> Eﬁﬁjﬁé)ﬁiﬁéﬁ‘?H‘Jﬁﬂél:ﬁ@ﬁ%%*ﬂn”l\%?ﬁ"@ﬁrgﬁﬁ
XTI o

X AT SR (12, U2),
EXVxY =, 47Va Y RiEH B . (AL

Remark (¥ & a1 £3%)
BEMEr - | — M, JEHIZHKIAESV, | — TM,
BV,(t) € TyyM. r'(t) 21
HERNAE BV - M — TM, B[ XV, = Vor. VEEAV,HIA]
7 A E .
Theorem (¥ ZEHI3L3R F4))
BENV M LRSS, XHE—GIE M4k, YiE— I ME—KFHHE
DV, — V. Wi A2

» 2 Di(aV, 4+ bW,) = aD;V, 4 bD: W,

> LN D (FV,) = f'(t)V, + D, V,

> WRIFA ALY TRV DV, = V) V.

FRD:V, 4 VA r 32 S AL



00 s 2

Definition (ill#h£E)
G HHZGr B A A2k (R THKEEY ), WIRDer’ = 0

Theorem (il 2847 75 ME— 1t %€ B

S5 ERIEM BN, AF—sip € MAE—EIIHY, € T,M, 77
ME——Z% M Zer - | — M J#Zr(0) = p, r'(0) = V.

L RRIARKR R r(2) = (XM(2), ..., x"(2)), V(t) = V7§,
JAFBRRDV = V9 + VIV 19

WL TTFERR (1) + X7 (£)5 ()T (x(t)) = 0

ODE A7 75 Mt — 5 B ATHIE .

R | KT LA A ) PR e A LR

RELE

Definition
LREICIRIRIEM, g LA — N IEEXFRI — IR AR 7K B by (—
AKIER), A — P REEE . WL
> g(X7 Y) = g(Y,X)
» g(X,X)>0
FR(M, g) ZE BT . [dA(X,Y ),
JIBARET g = gid © dx), HXTERFERT T E
g = g,-jdx"dxjo
Proposition
> gl T OIS — AR, ATLLE XX = (X, X), VI
HRA, IEXHE.
> RERE LA REIER R4 (Gram-Schmidt $7%)

REBEP, WD FREF - M — N, f15F gy = gu FEM, N
BEE, RS JUAIHT SRS TR

AT )

Remark (£ H~FAT M &%)

WERDV = 0,V Hr-PAT . RMERIE LI PATIREY, W
AEVV =0.

Bk JL B 1% 5] AT [ B A2 - AeAs A HE 4L

Theorem (a1 & K FAT#3))

B - | — M AE—p € M, V), € To(M), FE7EME— B B
1T &Y V., HEV(0) = V,.

WAAE— MR- RE 2tk RN

VE+ VIHTE = 0;

M ODEJT IR AR 2 42 JRAF(EME— 1), Pt LALAFAEME— B PAT 1)
Eiﬁo

WRAAH JR R ARAR R, T DAAN T SE A 15 2 ME — F~PAT 1) B3
Remark

e Mhder, A XVIAE A Por : ToM — Ty M

—1 _
fr%i‘;UDt Vp = lim¢_o W

¥

EXAMPLE (BRJL 548 % [A] )

g =6ydxidd =Y. d(x')’,

YRR

He:g = dx? + dy? = d(rcos0)? + d(rsin0)? = dr? + r?dg?.
EXAMPLE (%2 THiE)
BRBATHE - M — R EXESEE

em(X,Y) =i*g(X,Y) = g(iX,i.Y) = g(X,Y). &

BX, Y RM LY,

BRI S g = glon.

EXAMPLE (El#iE)

B - Ue R — R, BT . F(x) = (x, f(x)) C R™L, i
FERF(g) = F (X7 ()’) = 7 (dx)” + df?
ZRERIET R NE = du® + dv? + (dV1 — u? — v2)2,



P22 8] 5 R U) 22 18] 1) 5= R A -

Definition ([F]#4) Theorem
EX: g TM — T*M, @(X)(Y) = g(X,Y), iEhX". IR BAFHE I B
g LRI Remark
FEX: gy T*M — TM g Ll EBRST 912, g(X°) = X.
> WREGE: g(X, Y)W HIETRE.
Remark Lorentz/E#: g = dxi” — (dt)?

G AX = X' 0,8 = g:dx dx! ‘
I e i > GRRBITY: g X T TMA T,
oy i i FEiS: M5 — T RS R 5
gt g = (gj) ", w=widxX, y e

ot = g"jw,-(?j,ﬁ’jbf'é‘ﬁfl;f/‘; Wi = g"jw;. » Finsler B&E: F: TM — REX—1 Yaéﬁ(norm).

DL E 3 AE AT LAKHE TSR BT . 50 gradf = dft. ZRT

FHRERZ B 5 BRER R A7 A ME—
o Theorem
Definition (BERAHAIKSS) (E— MBI _EAFLEME—— N5 AR A AL RIS o B
BB BRI xg(Y,Z) = g(VxY,Z) +g(Y,Vx2). HABEL ., B Levi-Civitalksk.
i HVg =0. Proof.
Proposition BREEHIR R : FAX(Y,Z) =(VxY,Z)+(Y,VxZ);
AT I B IRIFN. VxY = VyX=[X,Y], i
FERPAT B B4 ) 2 IRl 1 5 R A He (VxY,2) =
Definition (XFkX%4) B 4 B A R AR T B
JE XSS : (X, Y) = VxY = VyX —[X,Y]. W | B o — (EE _rKE, ApkRE s
1 = O BRI AR RIS $ ﬁﬁ“iﬁ- & = (5. ). Vi £ = T h30n
JRFERR: Tij'( - (I—Z - er’)ak ® dx’ @ dx’ rfjglm = %(alg}m + 8jgim — Om IJ) ;
%,ﬁl\?rz - I_Jk' rﬁ = %gkm(aigjm + 8jgim - 8mglj)

BHA U EAKXMIER SRS . O



00 s 2

D2 SR R A AEmE — e B

Definition (FE£HESEXP)

FEX Y e = V € ToM 322N
Zry :[0,1] — M,r'(0) = V.

EX: 15HWExp : € — M,Exp(V) = ry(1).

E—AAFZEEAUAR, (678 Bxp R FINE. WA AR K. |

Definition (H1£KE)
L | — M, EIX L(r) = [P|F(t)|dt K BRI
25 R TE_E 1 — 1B 2 R
#:d(x,y) = min, L(r) : r(0) = x,r(1) = y.
> BRI R B HUE RO R A
> A A T e L A 2 A T 2
> 2k R R A 2

=%

ViVANPIREN 2N

Definition ( HHR 7K &)
FXR:TMXTMxTM —TM, j#%/E
R(X,Y)Z =VxVyZ ~VyVxZ —Vix.yZ.
R ARHAREX KU ERH5S,

Remark
> RAE(L,3)HiKE. FFAIFTLLEX(0,4) ik E
R(x,y,z,w) = (R(X,Y)Z, W) Ff 3R 2 i F K & ,
>gﬁﬁﬁwdxYﬁﬂ%&YWﬂ@%ﬁ%ﬁ%@@%%
=
> Riccilti®: Ric(X) = >y, sec(X, Y))
» HEMZE: Scal(p) = > x Ric(X) =23y >y sec(X,Y).

| BRI G, BB LTI E BN, |




Lecture 9: Differential forms and volume

Differential forms

motive
VINYANN definition
ﬁhﬂﬁj /)ﬁﬂ:ﬁ property
Calculus on Differential Manifolds base

wedge product

ik B definition
zhangsirong@buaa.edu.cn exterior algebra

differential forms

Department of Mathematics, Beihang University . . .
exterior derivatives

April 20, 2009 definition
examples

operators in tensor fields
Interior multiplication
Lie derivatives

FIr 5 & X
S LR HE IV I K AT RV | — A KL
., BRTH(V), EREIER, BHO ., Fdet @ . dxk.

TRA KA.
Remark Definition (k-4% [ &)
> BMEL: | = [o F(p)dVy; 52 LRI I 9 SRR OII 5 i  2 s
WA vy? R WRHET(X . X X Xe) =
> AR | = [y ) FOA(V,)), “T(X0, X Xy X,
HPE: d(w(V))) = detidV, ? LTIV LA AR ) i
> {FIIS: MBI AT V. _ ‘
. BB = [ rw = [Pu((0)dt 4 © SUPRITR ATV ER. o) R
> BRMBRUTHRAR: [w=+ [, Proposition (S4TE %)
BT — SR L TREAH AR

2. T(Xoys--os Xop) = (sgno) T(Xu, ..., Xk)
3. fERHEBEARMEAL WTHHENE. (LMK A5
HHFKEAEH0).



ALK ERIB]T AP ]

WWIRIRER] = (i1, ..., k), B#AERE 5 = (iy1)s - -+ lo(k))-

Definition (ZEASME)

GEV _EHE XA, E X kTE

H: Al(Xy, ..., Xy) = det(¥(X;)) = detX.

HAFFEX] Ry X FEFEE; T AR, BRIk B AT 48

EXAMPLE (f&4E)

k = 0,4;

k =118 K&

k=2, A(X,Y)=05(T(X,Y) - T(Y,X)).

Definition (RXIHFREF) HA! = sgn(o)Al.

FEXAN - THV) — N(V), it R3Zs(E], AB3(X,Y) = X1y3 — yix3

Alt(T) = 15 X oes, (sgno) T7. A23(X. Y, Z) = det(X, Y, Z).

Proposition Theorem (#ME 25 8] H3E)

Alt(T)ZRXFRET, HAI(T) = THHGT 2 RAFF NE(V)&—AN(n, k) JERLetEas 8], P FERAL, | i 38 Bk 545

£, Rk > nN(V) =0,

ik B T 1 SR
KER: ToS(X, Y =T(XHS(Y)), BEErd @ dy;
SFRIKE:ST = Sym(S @ T), dudv = 0.5(du @ dv + dv ® du)
Definition (#MH)
Proof. il € N (V) € N(V) EXSMH w A n = EH
ALRGHT: Y TIA = 0OERAEM T —4HF5E, B3 T,=0;

)!A/t(w ®n).

: ; Proposition
Al AW . AFET e AK(V), Ty = T(Ey,...,E,). ATLA ‘
ﬁEEﬁ T TIA/_ 1 k . é{;,‘%%zli}fﬁfEA’,AJ,A’ /\AJ — A(I,J)_
iaj:g*;ﬁp = (p17 EER) pk-i-/)y
Corollary WAE: A'AAY(Epy,..., Epyyy) = AU (Epy, ... Epy.)
nABH LML P L WRPEETRIEL, SRR, RE T, SR
W(BX1,. .., BX,) = detBw(X1,. .., Xn). =

2. WRP = (1,J) A1 N1 LE0H
|
left = I AR (Al @ AT) = 25 sgn(0) Al (E,i ) A (Esy)
left = AItA! (E;, )AItAY(E;) = 1.

3. WRP = o/, ), .




HMREL W

Proposition (ZMR 1 )5T) Definition (f7/E)
‘ ICAKM =TT, N(Tp,M) g 1M, FRHAE— IR — T kB i 2
> ALtk Fsk. s H2iEhAK (M),
> GEFEONMNE) = (WA AE ELIFAM) = D, AK(M)Fg—MEEL.
> KRB A= (-1)"nAw JRABAEFRE TR W = wydx A - A dxié = w;dx!
> %%/7? Al =1 A NGk ,_ Proposition
f%‘ﬁwl A .. .wk(Xl .. .Xk) = det(W (Xk)) WIBBREIE - M — N, %St - .A(N) - A(M) o
Theorem g F:%&ﬁﬂﬁ; . N
XN (V) = @ N(V) N (V) ZESR T RASHII A K > Fr(wan) = (Fw) A (F)
o8, FiAMERL. > JFEBARRF*(widy!) = S (w0 F)d(Y' o F) |
UM AR E X w Ay = Alt(w @), THEATTE. > nRIEKBIAFEEBedy A Ady" = det(%)dx1 A---Adx",
W HT AMA AT RE X

Definition (#M#43)
I B EL 45 7 df, T EAE X5
Fd : AK(M) — AFH(M),

Remark dw =d(> ) widx!) =37 dwy A dx!.
> AN w=df, [[w="1(r(b))—f(r(a)) BIAGIS s dwBE AT T B
- DT — % Theorem (JMFEAFLEME—)
> du = Y24 — )aei A dd = 0 FHIEA.  JERIB LA TALBAN : A1(M) = ATTHM).
> T HUE R SR - X
2. REF: we AKM), d(wAn)=dwrn+ (=1 wAn
3. dod=0.

KB e BRI T d(wy) = (dw)y, Rt F



S I A AE T UE Bl E5E

Proof. ,
BREMAT— AR R, AELENE: 4 thd IR IBASHRSE XA EXAMPLE (R*SMi57)
Ao w = Pdx + Qdy + Rdz;

> VSR, Hd(fdx’) — df A dx!. n = adx A dy + bdy A dz + cdz A dx

> RPTw = fdx!,n = gdx”, Proposition ( H &%)

d(w An) = d(fgdx! A dx?) = d(fg) A dx! A dx? G*dw = d(G*w)

» dod =0, XfIIE, T—d(dw) = d(dw; Adx') =0. AT R A
ME—1 I BR B 20 R SR ME— 1 - o T bk i (AR b
— el AR ERE RS, M AR Proposition (1 Ak {H(A5EX))
) FE A R 0 B R ¢« dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X, Y])
AE—REKESY TS RKEY, R AR = udv,d(udv)(X,Y) = XuYv — XvYu.
ME—E LA Bl

L]
PN e E 48 I 2= FEIRHE
Definition (P4 3f¢) NN =
BaEX i ixe + AK(M) — AF-1(M), {78 ZIHE XTI EY: [X,Y] e T(M).
ixw(Yl,..., Yk,]_) :w(X, Yl,..., Yk) Theorem .
gk X w = ixw WE NIRRT LI JRbR e, o' X M JR i R An Ao 8
. FFEWE (), Ex] = ¢ Ei, XHIMNFEAS = —cjp 5 A 6K,
Proposition (P4 34 Ji7)
o Proposition (7K &EZ=F4))
> ixoix =0;
> ix(wAn) = (ixw) An+ (—1)kw A (ixn).- > Lx(S@T)=(LxS) @ T+ S (LxT)
> Lx(wAn)=(Lxw)An+wA(Lxn)

ﬁj\:’g%%ﬁ:o > Ex(Y_:w): (ﬁxY)_lw—l- Y_l(ﬁxw)
e : A RATHIR A detX = Y(-1) " 1w/(X1)det(X). Lx(S® T) = lim_g 22 Do) =58 Toq

Xo(Wr A Awk) =S (1) T (X)W A - AGT - Awk))
Tk = 285 KAT 5.



FFHHTHE

Proposition (THH A )

EX(W(Y17"'7Yk)):

Exw(Yl,..., Yk) —I—Z’-w(yl,...,ﬁxy,' ceey Yk)
Bl ﬁxw(yl, ey Yk) =

X(@(Yi o, Yi)) = S w0(Yas ooy £xYis ooy Vi)

Corollary (147> 52 FHATHr)
Lx(df) = d(LxF)

Lx(df)(Y) = YXF
BlF:T = T;jdx' @ dx/,

LyT = (YTy+ T42% + T % )dx! @ dxl.

Cartan A=

Theorem (Cartan’A )
Lxw = X_n(dw) + d(X_:w)

Corollary (4M#5r 52 ST #r)
Lx(dw) = d(Lxw)

Proof: |Lx(dw) = d(X1dw);

SEHAE: | L.
0FETZSR, Xo(df) + d(Xf) = XF
14, w = udv,Lx(udv) = (Xu)dv + ud(Xv)

MR TR, XS ET A .
Lx(aNw)=(Lxa)\w+ aA (Lxw)
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Remark

» BAHEN: | = [ f(p)dVy,
BRI f,dvy?

> dvp 2 RXTFREInI BTk &, BinJE. (HEMMIREH
FdetFIESi5!

> fRRTTVE: WAEXHE B 4 HIRTE—TNES S

> BEBMBHUERLN: [o== [
TR — RIEHIE !

Lecture 10: Orientation and integration

orientation
definition
property
submanifolds

integration
definition
computing
Stokes Theorems

[ B 2 [ (4 7 [

R'.R? R3MJ7 )

Definition (Ja] &% [H] K] € [))

BRIV, FRAF—HEJFREE il 5 — A 7 HE; &€ A
BHIU R ETIIEEE B FERATI AN T
FEFMHBENAIFER G, BRIy a2 250 T E .

T6E T —REFRRHAAG 26, X RIEEFR A IE [ 2. (R 2R 7]
)

R%, RY,R% R3{f15E ).

Proposition (554 & X)

LE B AV IR E— N EEEAQ, (ERAFEE, W
AQE, ... Ey) >0, G TVHEI—NER
SEHAT N Y

RQ(el, ..., e") = detBQ(Ey, . .., Ep).

el A ... e"EH T RTIAREE I



vy

FE— R T, M7A] A5 B R E 18] o

Definition (FLE I E M)

IE 174 JFEBARZEHE; . WIRAT—rip € U, Ei(p)ZET,MEZ HiIEE ).
Lt T U143 AL E 7] BT EESEFE 3, X0 DL AR R RR A IE 5] 3885 F o
WRIERIE ] : WIRLE E B K E FIHIRIE, 1F8— K EBArtE—1
IE AR B FR AR o

G0 —NE AR TE A [AIRTE . JE AIE [A1 BN A E ] o

JE [ FHA AR AR - B ARAR R 1)1 I R £ K JacobifTF1 EK 1E .
Proposition (Z541E X)

LEMEM, W RH_LAFTE— € [ A KA b+ 7B

M UM B E ], HIEEBbR R A IE R H T —NRIERE
il RZ, @rdtH AT,
Eﬁﬂlﬁ?%ﬁﬁﬁﬁ,E*ﬁ%ﬂ%@ﬂ%%&%ﬁ%

M RIS T A AR R R4S IR TE
B —ANE 7] o

RZ, HREEREGHERRR, iR E AR .

5E [ R 15

EXAMPLE (“FATHLILTE)

R", T",51,53

R HFAT.

AA[SE R : Mobius o

Theorem

FE— B AN ] E 7] 0 FEAT -2 AT €[] 19 78 i i T (P TR ).
Definition (PRE ] B&T)

M, N2 E [[FEHE TG, JEHEBSFE - M — NZRE IR L
—p, F G T, MHEIE [ ZE RS B T ) N B IE [ 2 o

F A2 J i [FI A 1 8 X o QTR 21 5 [r] FEFR g J € [ B4t o
F: M — NRZGER KA FJacobifTHIR A IE,

SE [ R A E

Proposition (FEZF 7 TER)

M@ ] 5 a1 1] 25 B A S M _EAF7E— N EEF I ik i85 TE Q.
FRAE B, RERFRQ > 0 IE A K.

&Q #0, ATGEH—NESEM. R RU,

HQ = fdx" A--- Adx", UK, FEIf > 08 < O;HT#H BALbTHR
7?]5%; JEEAXE — —x1 [FFEARRIE M MAr 288, AT MTT LLE
RZ, WiE—N2RKnE; (JBEELE);

Corollary

LB E MR TERI T TG RIE 6] 5E 1] P TE I FeRR L TE AT € [1] o
Proposition (*FATHIRIE)

IRIGAFAE RS AR R RE R AT LT AR IR TE . T 88 AT LUE 4] o

[proof: |14 JRAR4L4 tE A

THIEHIRE A

Definition (¥ F-IEH] 0] &)

LS EMBIRATRIE, EX: HELBHN S — TM,JHLE
N(p) € ToM, F¥ RS HI IR .

FEMFEN 5 S 2B, RN, T, SEHETE K

Theorem (i i1 T 4 5€ [])

MEn vl & PG, SHTEE T, N WES B A 5 .
WS F77EME—FE [ EFF(Ex, . .., En_1) HIE 22 HAX

(N, Ey, ..., En 1) B T,MEIIE 12,

QAMBIE FITEL, TN Q)| s 2S HIAE [ TEE

A = (VQ)|sRERFER,  BE%.
STHILLE, BN = x'0/0x" FRAARHERE 7] . — R IERK P4
A LASE ] o



LRI KI5 15 B

Remark (Review)

WG G Ab R EESH - {(xY, ..., x") : x" > 0} FFF4&.
AT — VERAT W Jaabhire(p) = (xi, ..., Xa—1,0).
Definition (4 [a] M &)

[ EGNEOM I A [7] B, WIRG— i p T A E 28, 1877
r(0) = p, r'(0) = Np, HN, & Tp(OM).
— NFR A HFOM FG SR i i) 50

Proposition (#]3E)

> A I [l G SR AR I 2N, = X OX X > 0.
> (L UB LA EHOMBISF ] [ 5 o

MIRHRRE: N = —X"ox"FIR

RALE LR

Theorem (B 2AFTER)

WIR(M, g) I E ], fFEME—E B EQE, ..., Ey) = 1LXT
HE—IEZ Y.

A ZRZMERIER, i HdV,.

JREBAA RV, = /det(gy)dxt A+ A dx".
Q:el/\“‘/\e”.

— I WOX = AE!, i det(g;) = (detA)?,

dVg = detAdx A -+ N OX".

Theorem (TiAZR 2 IE)

LB G T CAFLEME—— T HOM B EALSF 75 [ 2 BN,
Bi< Np, To(OM) >= 0., }

AJ €[] T 1L ZR 2 IRTEHIL R F-FE [ Hd Ve = (No2dVg)|om.
JREAEAE, Mo ERIEACHEE, BTOARABUE.

LRI E 7]

Theorem (115 H1%5F % 1)

S THIURTEM, WIRM AT E 7], WOM ] A€ ], H 53 5E 7] 5P
7] [] B RAE o X FR A StokesiE ] o

[ proof: [#45EQ, NLQE ST A E [«

Fid: BS54 N IR EK.

EXAMPLE

SEJ B ISR A E A, H-ShRHERE [l FE A

R E G H™ (K132 57 7] % [4] »

N=—X"9x", Q=dx! A---Adx",

NLQ = (—1)"Tdx"(N)dx? A -+ A dx™1

I 5n X, ShaEE A A .

Hid: —RRWRIG SRS R T Y R BRI b, HARFRER
SRR 24 HAN Y B TR AE Y

R G 25 1R R AR 2

Remark (2 EZ 2 77)

EX: |:D—R,I=[,fdV

HE: FHRAILPLLEES,

Fill: A IELREAEA TR ED_ERTR, ROD IRy
Fo AR

Definition (7> JEZNHIFR 1)
A FXED C R, fF—nfEHw = fdx* A --- A dx", BIELE X
WG [pw = [pfdv= [, fdx". . dx".
> 5 MITRU EAEREBEERNER: TTEUE X —ATH
Xi; KcDcU
» R [ w = [pwB 5 DRIEBILRK;

> RAATT LAE X BRI [ w = [0 i EATE X
SR (T T BR).



i ERIAR

Proposition

HED, ERTHXYE; /T—G: D — EXtgmg, HIRH#
ZEInt(D) — Int( ) LA LRAE 111 553 R, )

Jew =[5 G'w (REMFEMEMIS; )

A ﬁi@y\ﬂﬁf RIFIRIP AR . AP TFEELRIE 145 [FI R
/wav"‘) = fU G'w

[cw = [5(f o G)|det(DG)|dV 5> FINE AR FAZN
4R,

Definition (¥iJE LK REIR )

WH 10 RIE Lw ] EBSECE T—MERBIRR(U, ¢), X
Jnw = f¢(U) (67w

P bg 5 IE [ A FR R EUE K

RABUAT BLRE B LRI AR FR R b

B B & 1

Proposition

1 & [ yaw+bn=af,,w+b[,n

2. ERRI: BMEMBTFHKRIIER. [jo=— [jw

3. FERPEBwRIERInER, [j,w >0

s BONFIEARE: F N — MEEHFEE, [yo— [, FM

Proof.
1. o eIk 5
2. RS R 45 5
3. HAL B+ R IE

4. RFBNLE, w = Yiw;
FEJRERAARRF (FH(U), ¢ o F)_EIGAFFR S AR

i EHIAR

Definition (Jit/E_EHIFAST)

B(U;, o) B disuppw, i X PHTEAL 7 € Xw IR
A uw =25 Jy i

Proposition (well-defined)

BA_E 5 55 AR bR BB S AR KB TE K o

Progf. y )
Be( O, &) — LB 05— UL
S =220 fytiw =320 fy iiw O

BURI: [ =3, +F(p).

R B

Proposition
SAEFWEM = UE;, EFIRRXEL, (KAEGFL: WA ER
WS HALRRF; - D — M. #2 F(D;) = E;, 2 B8 A R5E i [A]
Jii%
W fyyw =325 Jp, Fiw.
Bwl i TR, 0).
Ai=UNE, B = F*(A).G = ¢(A)
wa =2 fc,(¢_1)*w =2 fB,- Ffw
5% R\ [0} L2 B,
= W(Xdy A dz + de A dX + ZdX A\ dy)
HUKTHT AR AR 7 (0, 0), KT E P AR AR R 7
#. Dy = [0,7] x [0,7],D; = [0,7] x [, 2n]. FURMAITRE



StokesiE #H H"_I-Stokes & ¥ 1] #H

Theorem
e TN ) . Proof.
MAERNAIHE FLIRIG ERHLHRIn — 1P RGBS NKHTGA = [R,R] x - x [-R. R] x [0.R]
fde:faMw. w:w,-dxl/\-_--/\d;"/\---/\dx”:w,-dV";
Proof. dw = Y (—1)"122qy
BARAEM = H I RO (FFIE) 5 Sy dw = (=1)" f_RR e f_RR wn(X1, -+, Xn—1,0)dV"

RO T — MR R A,

w = ) w,-d{/"
Jy 0 = fyn (61 do = [y d ((67)%) Jorr @ = 2 Jacon

% 1y ,) — R 5E ] 5 dx"lotr = 0, [y @ = [pngppn wnd V"
E%fggéa¥ﬁ%%;ii;\]’faMw, BR A o {30 57 1) 5 T 5 UM — dx A /I\?dX"_lr;E%rﬂﬂ(StOkeS)%%%@ﬁ(—l)n; H
faMw:ZifaMwiw:ZifMd(wiw):fMdW faHnw:(71)"f7R...fiRw,,(xl,...,X,,_l,O)dV”. O

L]
TR BRI HET De Rham_ I [A] i
Remark i Definition
—%Stokes TEH: L[ df = f(r(b)) — f(r(a)) B IBRIEM, dy - AP(M) — APTL(M) S22k PEBRST
ZYEGreenTEH: [ (92 — 9Q)dxdy = [, Pdx + Qdy ZP(M) = ker dp, BIM_LpBirHITEZ:
TLmBEEZEEX: [, dw=0 BP(M) = Im(dp—1),BIM_EpPita 2478 2
REN: De Rham_L [F]RE(517) HP(M) = Zoii)
Remark (FRZME) Theorem ([FI1EAZE)
> (ERANFE [ TE: WRM, N[FfE, THP(M) = HP(N),
JE X density B V ox - x V — R, RAIEN T2 HNFAEA L E
/J‘::M(Xl, N ,Xn) = ’CU(X]_, ce ,Xn)‘, w%”%iﬁo Wﬁx%ﬂﬁ; Th de Rh . }E
- LR WEFY, =T corem (de Rham jE %)

ZE X ARG, BRI, [AIFEA Stokes REHE, HP (M) FITRAEAE 2 1 #1 25 ] )_L [RT VR [T R o
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Remark
> MELERRDEX: [j,w=>;[yviw
Jew=JpGw

> LR, [MIEIRG?

> StokesiEPE: [, dw = [,,w.

> [ EISMEGT?

> RGITEI R 5 -F 7 B R o TE XS .
— WIEM T

Lecture 11: Differential Operators

integration and operators

divergence theorem
surface integrals

differential operators

Hodge star operators
Harmonic forms

Four fundamental theorems

> (M, g)R&ndEn] € R e

> ERFFFEM: g2 TM — T°M, g2 (X)(Y) = g(X,Y), &

HX.

g(X") = X
> () REBABIER: dV, = /det(gj)dx* A~ A dx"
> ] E ) A AR B AR T E A

dVy = (N1dVy)|om-



HUX U e

Definition (Hodge 5 1)

Th /\ﬁ“x LHUE 2 3
A E AR BT XL P () B - C=(M) — AT(M), corem (3¢ 2L LU L)

(M, g) EE—REZENAEX, H

*f = fdVy . ~
divX)dV, = [0, (X, N)dV,
AT LLE SLEREIIARDY [, £ = [, +F = [, fdV. Judiv XV = Jom (X, Nyd Vs
Definition (/%) ;J}(%O;cokes SEHE;
EXdiv : T(M) — C(M), divX = +"1d(XadVg), [iy(divx)dVy = [, d(XadVg) = [, XodV,
Hid(X.dVg) = (div X)dVg ﬁ%ﬁﬂﬂﬁiﬁxﬂfdvg = <5g<, N>da\7l\: ’
JUARE X LxdV, = Xad(dV) + d(XdV) = div XdV, X = (X.N)N + X,
1) 37 2E RO X AR 23 XA Vol (0, (D)) I A2 AL 2 div X XTodVg(X, ..., Xn-1) = dVg(XT, X1, ..., Xp1) =0
JRFBAERR: div(X'0x;) = \/%tg%(X"\/detg)
fH T AR o 1 T A 43 1) Stokes xE B
Theorem

n = 3R Z2HRIE

e L B Joleurl X, NYdA = [, (X, T)ds
HIIEEAE (R 6 - T(M) — A% (M), 5X = XdVg TN AN E R, ds S I RIGHBIER: T HSIHR L
Definition (Ji€f%) I IE [ U] 1)
& X curl : T(M) — T(M), curl X = g~1d(X"), Proof

Bllcurl X 1dV, = d(X”) FIFStokes BHA:  [sd(X") = [,6 X°

Definition ([HfiTH 7] E37F5) curl XLdV, = d(X°)
SH BB~ TR, SdA = NodV, Xlos = (X, T)ds
FEX: [ X = [o(X, N)dA JETHJTFEH X" = fds, ds(T) = 1;

f=fds(T)=X(T)=(X,T)



=HRERIEHWMSHT Hodge 251

Definition (Hodge X1#)
S RPNV, — P afato = e A A en; 1 XA PERIAY:
C>(M) _grad | T(M) _cur | T (M) _dv | C>(M) % AK(V) = APK(V), (P Ao Aek) = ekt A A e,

/dl b 5l *l Proposition
; H T~ = *
AO(M) _d, AL(M) LA A2(M) _d A3(M) :f‘giéf;ii@fk)s/\ !
> AR (€, n) = (x&,*n)

Corollary
curlograd = 0,divocurl =0

PR EF: Af =+divograd f

MRS 'ﬁLapIace Beltraml(Hodge%X)ﬁﬁl Proposition (%2 Ut/Y)
AR AF = — g g (87 Vet agg) > By (€ mdVe = [y & An

> xdVy = 1,%1 =dV,
> divX = xd x X°

ST T LSRR 7 LA g 2

Theorem (P04 g 3 )

Definition (R7M#5) 1. WERBER: IR M — N, ZEF—pHImt

EX: S itkg/vq — AH(M), F, G, MFFEESSSip € U, F(p) € V, 1
% = (—1)"FDHL 4 g FIU - U — VA FIIE. BRI E.

dod =0, 2. Stokes EH: [, dw= [,,w.
WAL (dn, &) = (1,66) 3. ODEfFfEME—SEHl: (E—IHIESY . TEm—A
Definition (‘Lﬁﬁﬂﬁ?) B0 - D C R x M — M, ERITC5/MEKITAY, A
& X Laplace-Beltrami: A : AK(M) — AK(M), A = dé + &d > OPRME— AR 12

» 0.2M; = (p: (t,p) € D) LRI FIHE .

Remark > (0:).Y(p) = Y(0:(p)), BRY BFKTFONZEH.
Af = —divgrad FEOTE K _E -5 BT & X —2; 4. LeMEPDEFFEEME— P (FrobeniusiEFE): R LEM_E k4N
Aw = OFF Ky v FITE ; B (F— R RV B Fa5a]); R e KT LietE 55
Hodge E#E: (de Rham) b [A] VAL 7T 3 i iR AU E 20— € o HIX, Y] € LIGFTE—MRA?REEKI AL

2L = span(dyi, . .., Oyx).
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» Sophus Lie(1842-1899)

> HE: T RETT RN Z LR #
W CEHUR) 250 7 FE S
i

BHO IR — SRR

> FRE: AR R

> JRIFRAE R (B S ). AR
Chevalley: fREHE

> ZRAEH TR

Lecture 12: Lie Groups

Lie group and its Lie Algebra
definition
Lie algebra
Lie group structure

Lie subgroups and representations
One parameter subgroups
exponential maps
representation

ZERER)E X
Definition (Z=#¥)
G— N ETES: WE
1. G2— LR
2. GER— Y tIFRE:;
3. BEsEROtIEWT. BIFeEiss
m:GxG— G,m(g,h) =gh, Wiz
Hi:G— G,i(g) =g ' #EMFWIS
PRGNSR, e Jy AT,
EMAE: P2 G x G— G,p(g, h) = gh WU,
EXAMPLE
> (R", +),n LR
> (GL(n, R),-), n® Y3, 0] LI Hin L 1 25 11 B [ #4)
. GL(V)

L IRIME L RAAERRT Gk, T AT LA G2 -



Bl
Proposition (141 )

> FHEEMRZPR.GC =G x G

> BRI BRI T EE ) SRR
GORIEES S, RIFFHM: WiFBHEH AR H.
EXAMPLE (BEZ4¥)

> OZEZEERR N B R : B REL AT S0 FRIBE+ B B I

» R* =R — {0} @ FiL—4fFHE; AN NI . RTEZFE
#E;
B C Z 2R

> CrHJHAIPREEL RS, — TR, H—F
TN =St x ... x SUEnYENEE;

> ) H=Cx C,Q=H x HXtWIqc#, J\cHisfsr
BLEZERESS ST,

Lie 1023

Proposition (%3 1)

YREG, I~ L &g, FX:Lg: G — G,Lg(h) = gh,

Re : G — G,Ry(h) = hg, MM K22, LS.
NI FIRE! FFAHER PR p, q FFLE I R BA p 2llq.
T R R - U 2 ) R

Definition (ZEAZE M) &%)

FEX:X € T(G)iHE;

(Lg)sXn = Xgn» (Lg)eX = X

Proposition

FHREIPT A ZEAZE [ B2 — A% B T(G)KI— 1 ktET
a6, HXPFES 2. idHLie(G).

[proof:| etk BAR: AZEHES

(L )[X Y] =[(Lg)X, (Lg) Y] = [X, Y]

j(ﬂzié H AN

Definition
BEFEREG, H, BHF : G — HEEZBE R X2 IEIFH,
FHEFAZ
KA R 2T R, FRG HIH A2 ZERE R4
EXAMPLE

> A S — C*;

> TEH WS :exp - R — R*, exp(t) = e,

exp: C— C* e: R— Sl,e(t) = 27t
» 1741=det : GL(n, R) — R*, det(AB) = det Adet B.
» HFAf:Auty - G — G, Autg(h) = ghg L.

=S R e R VWl Rl

Theorem ([A]#4 & 2H)
EXSF - Lie(G) — To(G), F(X) = X AZLME R,
BllLie( G) ZnZfE Lt %]

Proof.

FRF g

> BERY € To(G), EXEAE MR V, = (Lg). V.

WA RS, V(F)6H,

V(F)(g) = Ve(f) = ((Lg): V) = V(fog) = r'(0)(f o g)

FEAEE: (Lp)s g—(Lh) (Lg)V
> [FIR: MEEE S vV — V.

WA NI, 70 F(X)|g = 7(Xe)lg
F(r(V)) = F(V) = (V)e = (Le):V

—(th) V= th

Xelg = (Lg)Xe
%4

Xg

]



FRE T

EXAMPLE
> R", Lie(R") = R"ZBB):Lpx = b+ x, ZEAE [
V0O XEV; ki H: I E R
» S, Lie(SY) = RV EBB):Lp0 = b+ 0, d/dORIEANZE &
7B
» Lie(GL(n, R)) = gl(n, R),Hgl(n, R)ZHFE
PUA, B] = AB — BAK S 261 25 1] o

ESCERBFR: SHPURHA: ¢ — nilg

A(IX, Y]) = [A(X), A(Y)].

Theorem (S ZFAEFE)

B FERRHFNLG, H, Lie(G), Lie(H); WHEF - G — HEZR
[FZS, W F, : Lie(G) — Lie(H)2ZFAHFAZE. HHFAIIZER
HIFHIKIFAEL

MEFAR &Y, Ye = F X,

HFolg= (Lrg) o F.

FERIAR )

Remark

PR FE TG . K2R TE

Theorem (HarrfR43)
HE— REFRArAEME—— DN EAERE FFERQ, WL [ Q=1

Proof.

WE AT EEYy; A I IEm a4 .

SHBR AR RS, Q=6 A AT,

HNEAZR . FGEEL [ Q=cHRE 2 Q =Q/c,
B[ Q=1 O
MRE A Harr BB, SRAB] & LR B Har f L 43

EIELET ST

Proposition

PR — D2 BIHITe(G) BIn LMK ) 26 /%
11 e AN [ A A K

Corollary

BEFREG HIRRAI S Xi } UL —ZEABE [ B 42 X } T R e
MH A

WEAEX = a'X;; ,

%(g) = (Lg)«(X(e)) = a'(e)(Lg)«(Xi(e)) = a'(e) Xi(g) BNRHLA
Corollary (45#H%k)

WFREG KRR AT R { X} A LE 20 C 21X, X)) = Cf X
KA BRI G TR HI R TK B HE

EAZ AR5

Definition (Integral curves)

LRI MEr - | — M, LRI ESY - M — TM,
ReZY —K Bk, wRe'(t) = Y(r(t),tel.
Definition (Global flow)

LM LRV Y L — R ME—— TR i

40P R — M. §/(t) = Y(6°(1)).

EX: 01 M — M;0.(p) = 0°(t), ZHMEG—INEE
Proposition

ZEB RIS Ly o0y = 6,0 L,

(Lg)*Xet = XLgat



FEANAR ) B30 L ) 4 JRy iR

Proposition
BREG I — LR BIGX € Lie(G)FLESE /0. FERfF1
PRI 26 € XAEE 2 L.
Proof.
> 4i5Eg € G, RO, MM KFAS hEE X T (a, b), A
Wb < oo, HIFFE!
> & AL TGl RFoc & X F(—6,6).%c > b— 4,
PR S IE B AR fhZ: r(t) - (a,c+6) — G,
_Jo8(1) t € (a,b)
~  Lee)fS(t—c) te(c—6,c+0)
> well-defined: ZER B FIRAS e,
> r(t)Rahgk. t e (c—4d,c+9),
r'(t) = (Los(c))s Xpe(t—c) = Xi(r) T

r(t

SRS )

EXAMPLE ($5%k ek %%)
exp: R — R* exp(t) = e';
€: R — C* e(t) = et

EXAMPLE (—f&£ )

exp: R — GL(n, R), exp(tA) = A = 3 £4°,

HA € gl(n,R).

BAE-RBWEL. WA TTREF (t) = F(t)A, J6f: ™ mfih.

Definition

EXexp: Lie(G) — G, fF—X € Lie(G),0¢ X I ESH T
ﬁ’ ﬁ‘

exp(X) = 0°(1).

Remark: expf&)tig s . A ODEMSR.

BRI RE

Definition (B.S%0 T #¥)

F:R— GRZFRFAL, MEN—THESHTH. HHCHERE
—PFETHE

B EARIE BRI, 0°(s)0°(t) = 0°(s + t)

Theorem
EHITEESHTHES SHERHLie(G) KT G——XI
BT — BB FREH TG LY [ B A B 222 [ R 5

Proof.

BEF R — G EXX = F.(d/dt).

M2 S IBEFS F.(d/dt) € Lie(G),d/dtEER LRI
ANAR ) F 3y o

FRXEIFIMLE, F'(to) = Fu(d/dt)|t=t, = X, O

RO A 5

Proposition (A HZETFH#)

FIEX, F : R — G, F(t) = exp(tX),

WF 22— MBS HFHE. FFHHexp(s + t)X = expsX exp tX.
exp tX = 05 (1) = 05(t)

Proposition (Ja#l 43 A IR)

G 5 F WA exp, : Te(Te(G)) — T GASERBAT I, F55]
exp : TeG — GAZRibid st A,

[ Proof: fE4X 5 SO MiZkr : R — TG, r(t) = tX,

exp, X = exp, r'(0) = (expor)'(0) = & exp(tX) = X.
el B B, 2R FAE.



TR R 1 5

Proposition (ZEAZ% [ &= L)

fE44X € Lie(G),02FAE I,

ﬁgt = Rexp(tX)

Rexp(ex)(8) = 8 exp tX = Lg(exp tX) = Lg(0e(e)) =
(0r)Lge =0:g

Proposition (A2 #: /& 3%)

FEF: G — H, AF.: T.G — T.H, expoF, = F o exp.

exp(tF.X) = F(exp tX)

FERER R

Theorem

Ad : G — GL(T.G) HyZERE AR,
[Outline: | AdFBERA. wHEIBIIE A
AdEIGIE . BRI R .

Definition (I HEFER )

WEHFEFAD : G — GL(T.G)HFHERLFAS
Had : Te(G) — gl(TeG).

Proposition

» ad(X)Y =[X,Y];
> Ad(exp(X)) = exp(ad(X))

& X

Definition (ZEHFHIRTR)

BV nfE o) B %[5 (B R A5 1A ), Lt IAIH

BEGL(V) = GL(n, R)(GL(n, C). fF—ZFH[FAZp: G — GL(V),
K GHy— PR (BRZR). VA2l

Definition (ZEAELIRIR)

BV Enf v &%) (R A ), FAEeI(V) = gl(n, R)(gl(n, C).
E—FRYFAST 0 — gl(V)HRAEREN— DR
Definition (f:pEZR7R)

FREFAIM: adg : G — G,adg(h) = ghg™t. #F

Hl(adg)« - TeG — TG, ] LIF [ 25 A KIZPEFIFGL( T G),
FRAd : G — GL(T.G) HEREG HITEBEZRTR

FEER

Theorem (H¥#f)
H—FHCHIHTHZ EHETH.

Theorem (FARHCN N.T#F)

WhA T GHIZETFAEL. FAEME—IEE FRH < G
Jph.

Theorem (Sophus Lie& A & 2)

B AR R 25 HAS 8 B A R R

Theorem (AdojE #)

T RYEF B A E— B SLHIH R T o

Theorem (ZEREFNIZEAE —— X V)

X FHEBHIZERE, R RIS R FRYEF AR 55
R ——XF D,
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HEEH

Definition (F£/EH)
WGE— M, ME—NES, &XHG(Z)EHEMLEA—1
Witp: G x M — M, 12 4p(g,p) = g - p, L

» BE1EH g1 (g2 p) = (&1&2) - p

» HfifEifle-p=p

Remark

> BlaTLLE XATEH
HAEHS A EH——X V., g-p=p-g*

> —MKidg - p = pg(p),pg BFEAME| G H— W .
R VHp, € S(M), S(M)ZM [ B Hed
Hp:G— S(M),g — pg 2 HEAIZ

Lecture 13: Lie Transformation Groups

Definitions

Lie group actions

Homogeneous spaces

FEERBIT

Remark

> [EEp, KT = {g - p,g € G} WEEHERK—N3IE;
» FE BT (isotropy groupikal#):G, = {g : g-p = p}.

EXAMPLE

TFHREHIEHZERG L, p: Hx G — G :p(h,g) = hg, FIEHBIRE
D8 A B EHg

FEAIHA IR 7R, BEERHAEM, 129G /H: FEf



FRAEH T ORI

Definition (Z=H#E1EH])

GE—IFR; ME—IRIE, EXFHGC(Z)EHEM L
B2 — R SR — LR

it GIEH BTRTEMBE ly— G =5 [a]e —ARIEH0 : G x M — M

Proposition
0, ZMIEIFE, 6 : G — Diff (M) 2 — RS,

Definition

> HEEH 2 AL Kitransitive;  WIRATEp, q. g -p = q.Bl
/D\ﬁ‘#/l\ijlﬁo

> FEIEHZ B HII(EABNR); WRRF EAL T Egp = p, B
E— IR B2 L. Gp = e.

L G S
BEBRGHEMTM, (£—X € TG IEHWH153 S5 T
ﬁ@x(t) = eXp(tX)ﬁ%Ej'i:
— N RBHERBERATM, 0. Rx M — M.
XN ZEAR RS, AT mip, FAERS il
Zr(t) = Ox(t,p), EX X, = r'(0). HE—AFE.
Definition (ZEZ4 [ &3%)
F—X € T.GRENESHARIIx(t) = exp(tX); FF—
IM_EFIVIFIEGX . BRAXEM_ERE B — N 12
i Ry — NG DA e
Rl GAERBIACR, HSERNERRAANLNE
Yo EAZRMERERBTRZELE LR, 0x o Ry = Rgbx.
» M ERERRESR AR FFERT.CH— RS
%.
> FERISBHER R BN BN EREEN.
FEHAR, H—g # e g - x # xRl pg AE1E R B ;
B G — Diff(M)R#B[FZ.

%+
EXAMPLE (A1)

> RIEHFM: B4
O R x M — M, 0t0°(p) = 05Tt(p);
FlEp, #—%Hhk;
> G = GL(n)fEHTRIEZEV, p:GxV — V, pa(v)=Av.
A0, V — {0}
> gﬁf’ﬁﬁ?ﬂﬁ%: BB, Hi5)Le, Ry, fEHZHH, AT
A EEH:C,- g = hgh™;

EXAMPLE (BE£41T)

> TR Og(p) = pHIG, = G.
> EHKTp: G — GL(V),
XM Hp: G x V — V,gv=p(g)v.
> IERZZHBO(n)EHFR;
PR, TR

e = [e]

Remark

NEHIEETEHIM)G; EXFEH#rp ~ q, WRfFHEg -p=q. W
AN IE ]

Theorem (FIE)

WEREG B HIEUEHTFIREM, M) G Z—dimM — dimG %
HIEERIE, BB 7 M — M/ GAEXE BB

Theorem

WHAZZFREGIIHIEM TR, WG/ HZ— R,



TS H] T2 H] 45

Definition

Theorem
MAZCIRIRTE, WRIFIEZFR G AT HEH T M FEM A2 — 1751 WMEGFMA ], F—pH =G, ={g:gp = p}2HKFH,
2 [A] JUMFIG | H 53 [FTE o
EXAMPLE Proof.
> O(n) ATALAEM TS, KIS0 (n) M FS™ 1. > W HIE IEMUTRE;
> BKJLEEFIEH TR : > EXWS G - G/H — M, ¢(gH) = gp. BiEFFRIIE,
Em = (4 ’1’> A€ O(n),beR"
FRR" 7+ HEBR (G A5 ] o Corollary
> SL(2, R)EHI T LA IAIH? 4 i Mobius 2 8. S™12 0(n)/O(n—1) = SO(n)/SO(n — 1);
(a b) ,_ az+h R" = E(n)/O(n),
c d cz+d H? = SL(2, R)/SO(2).
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EXERCISE ONE

|3/t VRO A R

1 EB: RO R,
2. IEHR: 4R AHBE O HEEREE ST A4, (E7))* 2 E
3. SR — REMKGFIRES, B f(EX) =™ f(X). 3 fAth, iEW:

mf(X)=> a'Dif(X)
i=1
4. 48n x nFEFE IR — SR RR" P — A TC R a, T LURATFI R det B R x R™ x

R"... x R™ — R J— A ERE. EW:

(a) det B—PnELMERE.
(b) (***)det FIf4.

(c) 43D (det)(ar,az, ... an) (1,22, ..., Ty) = En: det(ay, ..., x4 ... an)
5. (HARSUEMLITTHEE)® f: R — R ML

e~ (@) 2 —(@+)"?  _q
e <zl
f(z) = {

0 others
(a) B
mm—{g v )

WEHg(z)R— e REi.
f(z) = R%l.
(b) IEBE—e > OFFAE— D IEIE R4

1 x> €
h(z)=¢>0,<1 0<xz<e (3)
0 <0

6. ()4 HY 7 1) B RE SC o I Y I A 2 A 3 B3 U R SRR ) 3 A Je 2
M



Differential Manifolds 1

EXERCISE TWO

| 3/250 3, | VECH) A Rt |

1. A& ETT T a2 2 S 5 F) (R R S o U B e R 1 R I 23 R R
2. BES'RBANEIR N = (0,0,..., 1) I & Xk Fo . S* - N —
R™, Bt o(al, 22, ... 2"t = 7(111{1’;;1&””)
S = -—NAmK, &Noy=—0(—z),r€S"—5.
(a) UEMA: o ZXUM .

(b) UEM: o, oy T — MGG . IF H'e 5P B R B 1805 45
H e —HEH .
(c) XXM a(r) = —2, 5 HafEBRIRBGEBIR-R T RR, IEWHaR
—ANE FIE
3. IEARZECIERIE PRI . UM x NAEFEF rank = min(m, n)H)
FERE R — NG RTE .

4. UEBIGTE BRI 52 A0 S M WU o IR BTSN I U RS R R D) AR £

NG W

5. WM, NREE R, MIER IEHF : M — NZFEBS 24 YD FHES
—RAEZFHY .

6. iEFA:

(a) &MANS FEME, GEBEEA R 4E50H R .

(b) WMERBIFRE AEADFLES « M — RFHE BB
7. IEHLL R B BATRIBEENZRA FRE.

(a) v:(=7/2,3m/2) — R% r(t) = (sin2t,cost)

(b) YR — T? = St x ST C C%,r(t) = (2™, e2mict) Hrh ey THEHL.
8. WMKFES:R> - R, f(r,y)=c

(a) flz,y) =2® +ay +y°, WHIMLACPRERATHE.
(b) flz,y) =2 — > B f(z,y) = ORRIMATHIE. WIHERZBRATR
TEWE?
R SR VAR B M S W E 2 Gt (I8

10. %% GE B G ATE L — mAL B U] 1 B 7R % R AR A V) R D6 e 5
R R
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EXERCISE THREE

| 4/SRERT. | [VE() MO R |

LAER: ZEEMERBNKED L8 SRM oI,
2. Wf:V — VG gt
(a) BLHHf——X N5V ERI(1, 1) BKE;
(b) & (1, 1) BU5RE MR H A AR AR B A 5
(c) EM:Kroneck 567 & —AN(1, 1) BIGK B I ARFR R 45 X AN K&
3. (CEJLA)IERS:
(a) TR FIESR".
(b) WRTMZENFFMN, T* ML
4. B[ M — NRGHEBSN IER:F* : TN — T* M2 SiEt
AU, 45 1 T — AR IE R 1 B AR AR R T
5. (F-MXmEY)
(a) 4%EF : R — R2 F(t) = (cost,sint),iiE B L Xt B [IF-HH 2 ) & 3

RZ=af —yi.
(b) 45EF : R — R,F(t) = t* IEM L RIFAEF-HISK [ &) o
(c) WERFR G R, WAT— 1) B A —F ARG . (e ml
LAYRSS Ay Ja3 8 7] IR, 45 18t FOL.)
6. (Lie Bracket) 43 ER3 LM EHV = Jca% —yZ W =yZ - Zay7U =
a e +yd, WHV, W, [W,UL[U, V] IR Jacobild %,

7. X f R — R, f(x,y,2) = 22+ + 228 XF : R? — R3 F(u,v) =
(s iy, SE0E ). (S o F)RIF df BAFE A%

8. LAELLTf: M — R, THEf, WEWL, = 0F mt.
(a) M ={(z,y) € R? : 2> 0}; f(2,y) = =5, MWHARMELIR R

(b) M = R™; f(x) = || AR

() M = S? f(p) = 2(p),pRERTH LA, 2(p) A FH AR br. A FHER IR 5%
ARFR o
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EXERCISE FOUR

|4/, || () A R |

1. &V = a:a% — y%, W = J;% + ya%, V,W € T(R?)Z&N&.
(a) VWEV, WHERKITO, 0w
(b) VEHL,W
(c) *** MIREMFT R (ur, up), fERFV = 52, W = ;2.
2. ®O(t,z,y) = (v, yeb?) Hra, bEFEE, EW: 0Z2EFAM. RKHEMW
FHRAEY.
3. (ZEFH)UEM:
(a) Ly W, X] = [Ly W, X] + [W, Ly X]
(b) Ly X = LyvLwX — Lw Ly X
(c) Lv(fW)=(VHW + fLyW
4. Wn4ECIEREMA R —R2 /AR, 1EH:
(a) FERLENSA G R, W LG — AT BRES
(b) 5 MDY TEREAR e T AR A 3o LTS AR K&
5. B SWEEWEL - T(M) x T(M) — T(M). IEWAZESHAE A

Ak, B ANBES . B R AR (T, = T%), fLxY =
VxY — Vy X.

6. AEM FERKEg, & XM EMEKEL, (r f 7! ()| gdt. EBH

(a) ML KRR RBT S50 anr:ro¢a@{<r§'_ar~1¢, W RS
FE
(b) FEAEEBE— B, Bl (s)], = LRRH NI Z,
7. U BE g4 H Y 5 0 R xR TR O R, 4 HAE — 6 9 6 M

Grdf s N Y1 By gradf . 5 R AR AR RS AR ARHR AR H Y
o FFGS AR L B2 (A b e S B R IR

8. WVR(M,q) FERERL, IEH:
(a) V,WEHErK AT RS, WV, W) #r k5.
(b) WP FATHESN Py« Ty M — Ty ME H— 128 1) S5 BE AR e
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EXERCISE FIVE

1. WF : M — NEZXCIEMS, 8.

(a) F*: AF(N) — AF(M)RLMER;

(b) F*(wAn) = F*(w)AF*(n)

(c) JAERAbR R FH

F*(YCwrdy™ A--- Ndy*) =Y (wy o F)d(y" o F) A--- Ad(y™ o F)

2. IFHZ=SH 54N SE R e 2 .

BB AMTETY LRSI, 6 X N KRR . B2 S50

R [Ej, By] = i By, MNASMFHAS = —ci) 67 A 6"
3. iEM

(a) AISE PG T HIGRE AT SE [ 1o

(b) WIRMEFANTE MR TR R, BRAT PR IER
SR, WM

(c) S"RATE .
4. M, NEWE MR, WEHF: M — NRRE Y A SR T
— 3% 5E [ AH 2 R 6T AR AR R TR R [ JacobifE FEIRAT FI R T- %
5. BAER? E2-TERQ = 2dy A dz + ydz A de + zdz A dy.

(a) THHEQFEBRMFR (p, ¢, 0) T HIRR;

(b) THEAQTEERAARFNRK AR T IR R; B EN TR —AN3-TER .

(c) WHEFSERE EM2- RO g = *Q,Hi - §2 — R3. FBKmAL
B (¢, 0) 7R o

(d) P Qe AbAAR N E, BTS2 A E [

6. 4ERN\{0} F2-TEHQ = W(xdy Ndz +ydz N\ dx + zdx A dy).

(a) IR RHALEE- R EBE SERAERT LB [n ) O = 4

7. HUBRTH AR RR R TR (¢, 0) BRI PN AR R 5. D1 = [0, 7]
[0,7],Dg = [0, 7] X [, 27].
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EXERCISE SIX

L. 55E (M, g) W E MZREWHE, IEHLLT )RR R R A
(a) div(X'0z;) = ﬁ%(‘){i\/det 9)
(b) Af = =gz a2 (97 Vet g 55)
(c) HFEAXF T e LR ES AR RHERE R, Sl AR
2. (M, g) BB E [ RS ILRY, WNZLR LR RASNE R &
Y. kM
(a) FEROGHERE S, MESHXAF div(fX) = fdivX + (grad f, X),
(b) (9r&EAIY) i
[ lgrad £, X)ydVy = [, f(X, N)dV, — [,, fdiv XdV,
(c) (Green AZ) ERICHE K Hu, v,
[y ubvdVy = [| (gradu, grad v),dV, — [, uNvdV,
(d) BERIAMER B AN, WMEE(Au = 0)E . HITE
FEAEAR (Au = du) HAE L.
3. e VU TCHEH I E SO, UEHT: 0 R4S €SP G 1 &5 4 R DU T B VE
W H AL TR A R — AR
4. TR BT R AT a5 .

5. WEHIAERME T, RA— N —%PBA%, AR5 WHha
= YT LA gl (2, R) AR
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