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7k 5 M Tensors and bundles

Lk =S IR MM R AR

Remark (&3 [A])

VeI R, E e TRy = X¢;.
HA6; = Aep = a1 ILA = (7)), A = (b))
AR = X e = %78, & = (A7) "Ixd = bjx!

Remark (£l U= FIL(V; R))

C VR n#E =S R 2 E], ERe E—TCRa = fi6'.
BAH6T = BY = bjo/ iLA = (a),B = (A7)}

MR G = £ = £87, F = (BT) ' = Af, = alf;.

W SERE LA aka ST SR

Chapter 3: A& 514 Vector fields and Differention

© 5KkE5 M Tensors and bundles

o K&
o K& M tensor bundle
@ ***Category theory

© MEY5ZFEL Vector fields and Lie derivatives
o MEY
o Z¥E5 Lie Bracket
o ZZ5H Lie derivatives

© B 5B EE
o FE4% Connection
o HAFEEL covariant derivatives
o RE

S
il
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5K 5 M\ Tensors and bundles

L = IR 3 1

Remark (*FEECR)
BBV, VF LHXEE, (6, ¢) = 4],
HAHIERERI R RA = (a)), B = (A7) L.

April 2, 2012 2 /54

Remark ()% R {f)

LRIETo(M), TH(M) LRIREEE-C dxl, (2, dd)
BAHGEE 2; = 290

KBRS = S dxd, BB = (A7)~

i
o

X R A — DX - HLAn AR

W SERE LA aka ST KR
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5k 5 M Tensors and bundles [N

Z BN R

Definition (£ B4 REL)

foVix VooV, = RWENBEEREMEN, AV x VooV, £/
rEZEVEREL ILHL(VA,. .., Vi R).

He, e, 60, BE T Ininy .. n,.

Definition (7K&)
FREVE x VooV, ERJrEZE R, ViRVEV Z—, TRFE—DIK

1=}

i o
r=p+qEFpE VN, g VEITERHN(p, q)HIKE - 0
HVEEL TS,

Remark (Ph7385 [ 25)

L(V, R)MEFRN N 254 5 FE AR AR R, BRI IDAZ

V = L(V*, R)MEFRRS R A8 5 A O R B R AR, BRI
p ) IR g AR

FkEZ (BUAA) WML SRR E LA aka RUSHRTE IR A April 2, 2012 5 /54

7k 5 M Tensors and bundles

Proposition (FK& 1%E)
BV, Vv EERe, 6 M(p, q) LK E Zn 4= (8], FEEEET IALFRA

i1i2"'ip_ i1 i . .
o= (0" ..., 0% €,...,6,)

Ji2+q
ARFRAS i - o . R
Fhnclp gl LR h ... olg gKik2 e Kp
Ju2dg bkl bkpajl Jq f/1/2---/q

PR AT 35 X BRR (Ricci).
Remark (Z:HIFKEAFER)

= e @ R e, @ @ @,

FKEZ (BUAA) WAHRIL SR E UM aka ST KA April 2, 2012 7 /54

5k 5 M Tensors and bundles [N

sk EHIFIT

(0,0): SE#L

(1,0): MEPIHE)

(0,1): Ltk RE( RV m & df)

(0,2): WEMEREL, (0,n) ZELEMEERE(det)
(1,1): &M

Definition (k&)

F2(p, qi)3KE, g (p2, ) TKE, NI

foglal,...,aPt™P2 vy Vgiig,) =

flad, ..o aP ve, o vg)  g(aP o PP v Vg tg)
ERE(p1 + p2. g1 + q2) K E -

Proposition

RERHEDEREMEAE. (Frg)h=f0h+g®h,
(fog)@h=f®(g®h)

FkEZ (BUAA) WML SRR E LA aka HUSHRTE IR A April 2, 2012 6 /54
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5 5 M\ Tensors and bundles

ok ] K B

Definition (=5 [A] 5K &)
MEZSE NV, WHSKEFREHY @ wEBRESE - v, wEBRV*, W* L
BIERE BV o W

Proposition
o V@ Wikdim(V) - dim(W )4k &% 8]
o Vo W=IL(VY,W*R)

Proposition (FKE S [ AHFL)
E—V, W, XIAIEZ 8] WRA: V x W — XEXUEMBES, FIEmE—
BHBFHA: VoW - X THE vy w A - x

| A

VoW

4

WAL SR E UM aka 5T KA April 2, 2012 8 /54




5k 5 M Tensors and bundles [N

G E UK

Definition (5K {£R)
BT(V) = @B, g0 To IEHIINE, HORMIKERIH—PREL
Kl e &2 i R

Remark
FERNE TR EIEL: T(V) =Dy To
RATKEREL: T(V*) = Dpso T

Definition (X FR5KE)

(0, k)M LR EZXSIREY £ (x1, X0, ..., %) = Foou(x1, %2, .-, X)),
ok BWBERIE—TCE - L HZK(V),

B R FRERE -

5KEZ (BUAA) MRS E JLA aka f5MATE KR April 2, 2012 9 /54

Kk 5 M Tensors and bundles [EEISERNETNEANITIE|

IEN

Definition (1/]2\ Tangent bundle)

HEMIRTIEM, EFREHTATM = [1,cp ToM.
B—Hi8 N (p, X), BRESr: TM — M, n(p, X) = p
(p, X), Xp, X#RFE p s I VT] M) £ -

Theorem (VIAZIIETIE)
WML, M TMEZ2n4E0ITE, Hr o TM — MR
5f.

Corollary

F: M — NECIRBET MF, : TM — TNEEIEBRET .

kB2 (BUAA) WML S5ERE LA aka 5T KR April 2, 2012 11 / 54

55 M Tensors and bundles [N

FEiRkE

Remark (NTHIKE)

(, )XTIR (IERE )R AL, BIZF 285K & - idohg
BENe, WHES; gj = g(ei,¢), g = g0’ ® . (gy) BRI PAERE -
g g M AERE, g* = gle ® e “MRBTKE - PR HghHIETK

B o

Y21 F R B R gy @ dxd

Proposition
o gV - VIR F(v) = g(v, ).

o TEVFLIETFE:  hy i, = hyg! hi = hijgh ,hi = hyyghigh

FkEZ (BUAA) WML SRR E LA aka HUSHRTE IR A April 2, 2012 10 / 54

K5 M Tensors and bundles [EEISERNETIETANITTE|

D&Y

Definition (][M & Tangent vector fields)

ERECIRIRIEM, B XRIEHIVIMESY : M — TMZ— M ESE
HifRroY = ldy.

FEREIE BT & M EY - YW 7B — MR - (section)

Remark
R (p) = Y(p) i o
Y I Y B PR ELY IR -

WAL SR E LA aka 5T KA April 2, 2012 12 / 54
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55 M Tensors and bundles [RGSNETANINE Y

R

Definition (1] cotangent bundle)
HEIEIHTEM, EXRHIRIIATM = [{ e ToM.
H—mitH(p,w), BRI T*M — M, 7(p,w) = p

Definition (& V][AI &Y cotangent vector fields)

LREEEWIEM, EXRIERTIAE w : M — T*Mig— Lk
&, HiliBmow = Idy.

Proposition
o T*MiE2nENIBIMIE, Hr: TM — MEYCIEILET .
o F: M — NGRS, MF*: TN — T*MZItHE B -
o w = w;dx' FEICIFHYE HAE AL bRk Ew 2B Y -

FkEZ (BUAA) MRS E JLA aka f5MATE KR April 2, 2012 13 / 54

5k 5 M Tensors and bundles [EEGS=SNEEHRINITEIS

EXAMPLE (F&FHM)

E =M x RNFERNFERM . BIFFEE
BT R .

EXAMPLE (M8bius bundle)

E=I1xR/~— S
k = 1FRTE -

EXAMPLE

U PIAFASRII -
SKEM: TAM) =11, TH(TpM).

WAL SR E U aka 5T KA April 2, 2012 15 / 54

55 M Tensors and bundles [RES=VNETEANINE Y
TE X

Definition (***[a] & M)
IV E, M TS r - £ MRS, VEKREEZE, B
E — MZM LR Rk EMNL, R
Q E,=nYp)& M5 VIIFEI,
Q 1E— R pFEREF IALRS & : 7~ 1 (U) — U x REEIEIBFRIME, 1#
() ad U x R

Remark

EFRANEE, MZREZE, MR, Emtf4.
P JRERF LB B R 7 UN vV — GL(k, R).

WAL SRR E LA aka HUSHTE IR H April 2, 2012 14 / 54

=y

5k 5 M Tensors and bundles [IEGS=SNEEHRINITEIS

Diffusion Tensor Imaging

WAL SRR 2L aka HU5HIIE IR April 2, 2012 16 / 54




55 M Tensors and bundles [RGSNETANINE Y

SRR

Definition (section)

JIEBRSs - M — ETRi 7 os = Idy, FRA(E, M, m)R)— G A00 -
1L s € [(E). ¥#78 & XAETT 5 LI /Bl am -

Definition (F1285frame)

WRFF s, 5, . . ., s RIETL R (AIEE—Hp € M,si(p)E, %),
B (s} M T2

RIUUE REIARY -

Remark

JRERF R R R R85 -
™ L %%E%ﬁﬁgﬁ% . T*M Ldx' & fRERFR2E Y (LR N coframe).
N S INE AL

WML SRR E LA aka RUSHTE IR A April 2, 2012 17 / 54

G- PN (NEEETCENES  ***Category theory

H(EN

Definition (7Ll category)
JuBE{ C, Hom}yH — RN 5 X (objects) W R [BI[FZSFf = Home(X,Y), K&
HEFLZ(f,g) =gof; Aiig
Q [FISMEAHE (Fog)oh="Ffo(goh),
Q@ HFERMIFA: fold=Idof
FERN R N ER U Rf o g = Id, g o f = Id.

EXAMPLE
o EAMEAWY SET
o FFNZ (B FELLRST TOP
o JEIBITEMIEIEBLET SM, 172 AAIABLET vB
o [AIE 7S [BIFNL MRS VECT
o BEMIFIZAGROUP, ZEREMZEFIALIE

FKEZ (BUAA) WAL SR E U aka 5T KA April 2, 2012 19 / 54

v

55 M Tensors and bundles [@ETI-1oIVRY 1107

Definition (MABRLET)

‘Hl f - E-‘;_u gégil\gﬂi;ﬁa (F, N, 7" B DA
W 7' o f = Fom, HF|g R
FF;%'JM = NI, FRFAM LRI
T o 5f.
Remark
1 1 o AILLRE SUAA[RIFE.

" o TIBRET, R UTIMRET & MBLET -
q = o —HERKJL B A X AR
. T TR3% TR3F M BRET . F
FTR3E|R? x RIJMBLES .

FkEZ (BUAA) WAL SRR E LA aka HUSHRTE TR A April 2, 2012 18 / 54

5k 5 M Tensors and bundles [l CEVIF-IIVRTIETAY

PR

Definition (FUNCTOR)

C, D&l , F: C — DR T, WERTH 2
Q@ XeC,F(X)e D,f e Hme(X,Y);
Q@ F(f) € Homp(F(x), F(Y)).
Q@ F(Id) = ldr(xy: F(g o h) = F(g) o F(h)

Remark
o FIATLUE LR AR T -
o VKT MAET SM — VB &VKT: REZHT!
o REUIRFN: TOP — GROUP [E1AEE, [FIpHEE*

WHRIE SR E UM aka 5T KR April 2, 2012 20 / 54



[ 3525 5L Vector fields and Lie derivatives [MEE=eZ]

D&Y

Definition (¥][A & Tangent vector fields)

HRENERIEM, ESRIERVIMEDY « M — TMZ— SN
HifiEm oY = Idy.

YRR I B A — N - (section)

U C TM—2> ¢(U) x R”

ucwm #(U)

Proposition

MFFRZIRY (p) = Y(p) 2 |p- YV (%) = (X2, .., x", Yi(x),..., Y"(x)).
YR S AR R AL Y R - | R R -

FkEZ (BUAA) WAL SRR E LA aka HUSHATE IR A April 2, 2012 21 / 54

[ery=gm

[ #3% 5 2254 Vector fields and Lie derivatives [MEk=eZ]

Dl 2 1EH T R

Definition
EM B RS Y SR EEE, ELYF(p) = Yof € CO(M).
¥R E M AERERU IR E -

Proposition (J&IHHI7E)

BEMITIMESY . YRGB B YARLEM, SME—LIE®
Hre.

Proposition (V[ &2 5T)

TES: ERMEBLTF - CO(M) — C(M)THEF(fg) = fF(g) + gF (f) 7R
SF. ET(M)HM IR .
(M) S F5T(M)——HE5i -

FKEZ (BUAA) AR SR E U aka 5T KA April 2, 2012 23 / 54

3525 5L Vector fields and Lie derivatives [MEE#Z]

Proposition (JR#M 7E)

BEM RIS, X, € T,M, BIECEIRERX, WEK, = X.
BRI LIZERER U L E IR -

Proof.
BURBAMSLU, Yebump B Bl BB S F U, 4X = X2,

(q) = (@)X 2(q) qeU
0 q & suppyp

Proposition (V][a] &% %5 [A])

LT (M)AM B EY - T(M)2REZEE;
(aY + bz), = aY, + bZ, HREILC®(M) LI - £V (p) = f(p)Yp.

FkEZ (BUAA) WAL SRR E LA aka HUSHARTE IR A April 2, 2012 22 / 54

[ 535 5 2254 Vector fields and Lie derivatives [MGEk=eZ]

P\ & pushforward

Remark

BEMENIEYIRESY EIEAF M — N, E
SCF(Yp)(F)e(py = Y(f o F)|p 25 VIR E Y pushforard.
MEY? q¢ F(M)? F(p1) = F(p2)?

Definition (FFHX[A &%)

HEMEDIRESY, NEVIMESZ, B
SHF - M — NRY, ZRFHERITUIRF(Y,) = Zr(p).-

Proposition (FFEH]:E)
Y5 ZRFHRIY BCEE—f € CO(N)HE Y(foF)=(Zf)o F

Proposition (77E14)
IR PRI FIRE W —M L [ &S P — N L FARR 8. 30

FkEZ (BUAA) W52 E I aka f5M I KR April 2, 2012 24 / 54




544 Vector fields and Lie derivatives [EEZERclRIN=IEI T

Remark

EMLEIERVINES VY, W VWEEIEE HEY?

}im R bV =2 W=

& f(xy) = xg(x,y) = y FBUENAKS 1

4

Definition (Z¥55)
BEMEYIREZV, W, EEXHE
[V, W]|f = VWF — WVF .

[V, W&t ES (5F).

JHERRE L[V, Wp(f) = VL,W(F) — W,V(f)

BRELS, T

Proposition (JR#RiTH)

JFERARRFRY = VIL W = Wil T
V. W)= (Vi %znaz
ﬁfﬁiﬂj‘ﬂ[v, W] (VWJ WVJ) fl:ft‘:‘J Oxi? BXJ] =0.
WAL SRR Z LA aka FUSHRTE IR A April 2, 2012 25 / 514
{{ Vector fields and Lie derivatives Z4E5 Lie Bracket
Definition (Z=ft%%)
B g EBTg x g — g, (X, Y) = [X, Y] 2
o ML
o K[V, W] = —[V, W]
o JacobifEZ [V, [W, X]] + [W, [X, VI + [X,[V, W] = 0
Wy, [ MZAEL . [| IR Poissont® 5 -
Definition (ZFEFE)
EYEBA g — b, THEA[X, Y] = [AX, AY].
B2 R . 4
EXAMPLE
T(M); (R3, x) Abelian T2 EL[A, B] = 0.
JEFEM(n, R), [A,B] = AB — BA, 12 Hgl(n, R)Eigl(R").
FKEZ (BUAA) WAHRIL SR E U aka 5T KA April 2, 2012 27/ ;4

ZEHE5 Lie Bracket

EXAMPLE
V:X%ﬂLaaerX(yﬂLl)%:W:a%er%
[V7 W] _7_}/82

Proposition (25455 £ /i)
o W&
o RIFR[V, W] = —[V, W]
o JacobifEZE= [V, [W, X]] + [W, [X, V]| + [X,[V,W]] =0
o [fV,gW]=fg[V,W]+ (Vg)W — (gWFf)V.

Proposition (Z4&5 HIAME)

BF M= N, Vi, Vo € T(M),Wy, Wy € T(N), THFE(V;, W;)J&:FF,
VA, Vo] 5[Wh, Wal 2 FRESK.
FralFIL R FF 2155 - F. [v W] = [F.V, F.W].

KEA (BUAA)

WAL SRR E LA aka HUSHRTE TR H April 2, 2012 26 / 54

[l 537525 54 Vector fields and Lie derivatives [ iRcNW=IE 5

%‘@Jﬁi%

Definition (sRV][M &Y cotangent vector fields)

HENIRTIEM, B SRERRIE w : M — T*MZE— B
ET HifiBmow = Ildy.
R R YA ') — B - (section), NI TES 1-forms.

Proposition

MFRFRw(p) = wilp)dx). wi(p) = wplz2p)
wIEJIC/%EI’]éIHWéI:HT ?ﬁw,mfﬁ/’%ﬁﬁ éﬂfﬂéﬂﬂjﬁ BtEUIME
X, <w, X >EIEIEE - dx'ZIIE 1-form.
IET*(M) M LI 1-form, T*(M)& 223 [H, HEIFCo(M) L1
B fu(p) = f(p)w(p)

WAL SR E U aka ST KA April 2, 2012 28 / 54



544 Vector fields and Lie derivatives [EEZERclRIN=IEI T

Remark

R”J: B, BREHVE = grad f = —i.
B ES? R F ?f(x y) = x?

Definition (EREFIHLS)

RS - M — RIEXTAT Hdfp(Xp) = Xpf .
df ZIIE 1030 Filldx BB 19830 . {dx' Y Rl coframe.

Remark

fi TM d TRf 'ﬁdffp,m ?&, TRf(p) = R.

ST L TR |

B HLIRREE: f(p+v) — f(p) = 2 (p)v/ = 2 (p)dx(v) = dfy(v)
WAL SRR EZ LA aka HUSHATE IR A April 2, 2012 29 / 54

ZE155 Lie Bracket

Definition (pushback)

LEEG M — NN BRI &
YiwHG*: TN — T*M : G*(wp)(X) = wp(GeXp),
L (6" (w))(p) = G*(wa(p)).

Theorem

N EZVIRE @D, MG (w) R -

Lemma

LHRENLICIEREY, G: M= N, weTHN), B
G*df = d(F o G); G*(fw) = (f o G)G*w.

‘Theorem PROOF: ‘ G*w = G*(w;dyi) = (wjo G)d(yi o G)

WIS ERE LA aka SRR April 2, 2012

KA (BUAA)

31/ 54

41 Vector fields and Lie derivatives [RESEEclRIN={EtC

o i TEE ik

Proposition
o ZME: d(af + bg) = adf + bdg
o FeHUEN]: d(fg) = fdg + gdf,d(f/g) = (gdf — fdg)/g? g # 0
o 4 d(hof)=(Hof)df
edf=0&f=c

Proposition (i f1%& 1) 5:%%)

Pl - MR, fM - RESSEER, S5
H(for)(t) = dfyn(r'(1)).
Proof.
dfy (1) (' (0)) = r'(t0)f = (re leo)f = Gelwo(F o r) = (For)(t) O
(f or) (t)AIPRFRE X iﬁzﬂltﬂrﬂi .
FkEZ (BUAA) WAL SRR E LA aka HUSHRTE TR A April 2, 2012 30 / 54

[l 537525 54 Vector fields and Lie derivatives [ iRcNW=IE 5

T

AR Grw = G*(widy’) = (wi o G)d(y' o G) = (wj o G)dG’
EXAMPLE

BT G: R® — R2,G(x,y,2) = (u,v) = (x%y,ysinz), w = udv + vdu.
G*'w=(uoG)d(voG)+(voG)d(uo G)
G*w = 2xy? sin zdx 4 2x%y sin xdy + x%y? cos zdz

EXAMPLE (A:FR2FHR)

Id : (x,y) = (rcosf,rsinf);

xdy — ydx = Id*(xdy — ydx) = (rcos8)d(rsin @) — (rsin8)d(r cos0)
xdy — ydx = r’>df

WAL SR E UM aka 5T KA April 2, 2012 32 / 54



7152540 Vector fields and Lie derivatives [EESEA QIRINe VIV Al &) 545 540 Vector fields and Lie derivatives [ESSEAGRENREVETIVS

Definition (Integral curves)

Remark (X JLEEZS 8] 77 [0 548
( - 2 WIS - | o M, BUELEERTIAESY M = TM,

BEV, W, DyW(p) = §Wprey = limeg 22— FRrL YH— 4B 2, TR
Dy W(p) = VW'(p)2], F(8) = Y(r(D),t e .
BN Wy — W, e R B FIE WAL 0, iEr(0) = ph BRI

r

Definition ([f & 112 F%%) | ——=M / M
BV, WAM IR RES, 1800 VAR, & LTS \ lY fl iY

. 0_+)« W, —W,
LyWp = & mo(0- ) Wy, (py = lim, g -t We ™ Tl ——~TM
Remark Remark
N \ e . @ r,oifAll F—%TM %o W rBR A -
LW R - FLSIUL f5  SAGE X—5K o TR ARTMAES - Bt
’ o JRENFFAEME— -
WML SRR E L aka HUSHRTE TR A April 2, 2012 33 /54 FkEZ (BUAA) WML SRR Z LA aka HUSHRTE TR A April 2, 2012 34 / 54

[l 537525 554 Vector fields and Lie derivatives [EESSEANRN IOV [l 3% 525 554 Vector fields and Lie derivatives [EESSEANRN IOV

I ke N5 0F i

Remark EX Y(p) = 0/(0), BRHIREITES /NERTE (1R 5).

YEM IR B Y S —— R HZ0P - R — M. heoren

0'(t) = Y(0P(t)).

fé(i 0 FM(l)M; 0:(p) = 0P (t), 45 H ME— P REIFE - %ﬁu%’%zﬁf@" tRx M — M,Y(p) =0 (0)2— 1 tiEmES, HoPZEE

B0, 0 0:(p) = Osye(p) - 4 OFH 43 2% - |
Proof.

Definition (2R, HSELHAT)
EECIRIRIEM o B JEIEBT 6 R x M — M,iH 2

o YW Yf(p) =0'(0)f = Lfo(6P) = Lf(0(t,p)).
0(0, p) = p: 0(t,0(5, p)) = 0(s + £, p). XK REEVIE L (772 (R - )

o FASHHEL . BLEO'(t) = Y (0P (¢

» é/ﬁ\/"\'_‘éq = HP(tO),%iEGP’(tO) Vq.
09(t) = OP(t + ¢
Remark (t) /( + 0)(:1 /
‘ Vof = 09'(0)f = 4f 009 = 67 (1)
o Ot%ﬁlﬁ‘/ﬁlﬁj% ° L]
o 0PI pHIBIE, MHEATEZZEELHRY - ‘
FKEZ (BUAA) WAHRIL SR E U aka 5T KA April 2, 2012 35 / 54 WHRIE SR E LA aka ST KA April 2, 2012 36 / 54




i

EI52 540 Vector fields and Lie derivatives [EESEA QNI ORIV

7] 523775 5 B R BRIt

Theorem (JA#FiL, ODEEHH)

E—EHAESY, FHEME-RKBERI: DC Rx M — M EXT

5/ NERTTRY, B
o OPJEME—IR KA il 2%
o OeM; = (p: (t,p) € D) LB [FIAL -
o (0:):Y(p) = Y(0:(p)), FRYZRTONZEHT -

Remark
MEZEEDEERE, B NESHES— 2R
FHEMRERAI IV : R x M — TM% S AR ) R BRI -

WA REEERE LA aka LI &R H April 2, 2012

TP igl (2% Connection

R SES TR B

Remark

o JilSEL: DEV W J7 A,
DyvW(p) = LW,y ev = limeyo
HETBIRIE: Worey — W, 315,5\)(”’

o ETHL FUFHEAFIE - 6 W0y — W,

5 EEmE x; 7757‘7—['7#@!

o WJLEMEZ RN MSE: FIBNT,00vM — TpM

HE—h%&HEs) .

WP+tV WP .
"

o MikhZe: YIHHLH IRGESMINRER; (cost,sint) ~ (1,0);

37 / 54

v

WATREEERE LA aka S K& April 2, 2012
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Z=54Y Lie derivatives

Theorem
LyW =[V,W]=VW - WV.

V—ai «9—(X —|—tx ceyx™)

(0—¢)W,(p) = W' ( +t,x2 x")%
LyW = %‘)/(Vl'( , X2 ,Xn)a?(,-
Proposition

o LyW=—-LywV

° ﬁ\/[W,X] = [ﬁ\/W,X] + [W,ﬁ\/X]
o LiywX = LyLwX — LwLyX

o Ly(fW)=(VI)IW+ Ly W

KB (BUAA)

I4% Connection

Definition (/74 8%%&connection)

BBV - T(M) x T(M) = T(M),iEH(x,y) = VxY,i#H2E
Q Vx YRXGERT I R E RIS ML RS
Q Vx YXYERT RAVE LIRS,
Q@ FTHEN: Vx(Y)=X(F)Y +fVxY

WAV XY =& YTEXTT A2 S5

WA SR E LA aka I &R H April 2, 2012

38 / 54

Remark

ZEFHONEIRSS -
RS AR EY) -

W SR E LA aka SRR April 2, 2012
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k%% Connection

2 LRI BT

Proposition ($:28 S5 mER1E)
Vx Y| X, YT FEMERE - Bl Vx Y|, = 0 XEL Y 7Ep S 28380 H

v

Proof.
WYERHU L RNE,; S ER R oI EB S T U R V(oY) =0,

Vx(oY)=X(®)Y +¢VxY =0,VxY|, =0.
DA
Proposition ($£728 S8 [A114:)
HAXTEpHNE, VxY|,=0-
PROOF:| VxY = Vxis Y = X'V, Y|, =0
WML SRR Z LA aka HUSHATE IR A April 2, 2012 41 / 54

TP igl (2% Connection

SR FE AR R

Definition
ENEREV TS € T2, R
o Vxf = X(f),

o Vxw(Y)=X(w(Y))—wVxY
° Vx(T(XJS) =VxTRS+TeVxT

R Vxw = (X Qjwi — Xiw;T ) dxk.

Definition (4:$£285:4k)
EXNV TEH(M) x T(M) = C®*(M), V(T,X)=VxT VTIRAELES
], BEE—N(s+1rEKED-

FE—REF < VI, X >=Vxf =<df X >,
HAHessian: VVF(X,Y) = Y(X(f)) — (VyX)f

WARIL SR E UM aka 5T KA April 2, 2012 43 / 54

4% Connection

Christoffel R EFIFLETE

Vzai=)

Definition (Christoffelf} %)
YREM LRI E; € LV g, E; = T Ey
PR AERTAR S N 1) Christoffelf§ 5 « —3H n3 LR BRAL -

J#ER: VxY = (XYK+ XTYITE)E

Theorem (BRZ&IFFAETE)
{E—25 B IIE M _E A7 AR 5B - J

o WULEEEE . VXY = XY ),
o E—ERHERMUIRFHIIY L ARG n3 DR R —— X R -

Fa3s BALI i (02, U2),

ENXVxY =Y,V Y BRI EEE - (FRAIEN

FkEZ (BUAA) WAL SRR E LA aka HUSHRTE IR H April 2, 2012 42 / 54

25550 covariant derivatives

T B A R 2R 2

Remark (5 140 &%)

HEMGr | — M ITHEARFEGV, - | - TM, HREV,(t) € T yM.
r(t)Z—"1-

KRG E MBSV : M — TMAE XLV, = Vor. VIEAV BT &
1,

v

Theorem (¥ 2 AY3L28 5 40)
BREVAM RS, SHE—IE %, IRE—ME—SEE
FD;: V, — V,. HiE

o %k, Di(aV, + bW,) = aD;V, + bD; W,

o FHMEM]: D(V,) = f/(t)V, + D, V,

o WIRFFAER LI THIAEAV DV, = V() V.

¥RDV, R VAR ri 32 S35
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A5 5% covariant derivatives

3t 2%

Definition ({M#b4E)
eI R PR NI R (R TEREEY ), QR Der’ =0

Theorem (£ 77 7EME— 1% EHH)

YR TIEMERENY, fE—Hp € MAE—TIARV, € T,M, FFEME——
FMHZer - 1 — M 2r(0) = p, r'(0) = V,.

LA HRFEBALIR R r(2) = (x2(t),...,x"(t)), V(t) = V0,
)%%B%%%Dt\/ = V’O,- + V"Vrfa,-

ML TTRERK () + X (1) ()T K(x()) = 0
ODERY 75 ME— & B AT IE -

B L B 2 ] U £ R

WML SRR E LA aka HUSHRTE IR A April 2, 2012 45 / 54

B 5 363 S

e

RET

e

Definition
HRENIETIEM, g EHF— N IEEXN PR IR sk &5 (CIRF
R), MA—ITREEE. HL

° g(X7 Y) = g(Y7X)

e g(X,X)>0
FR(M, g) BRIV . BiTH(X, V). -
JHEPARER IR g = gijdx' @ dx/, FEXTFRIEREIIE N g = gijdx'dx’

Proposition
o gl Tz A — M - FTLUE KX = (X, X), WIHERMA, F
TH
o REV FHFAEREBIERZHIFYS . (Gram-Schmidt %)

ZHE . FAEMOFERF - M — N, 15 F gy = gu. T8M, NEIER,
ﬁﬁ%%ﬂﬁ@ﬁe?ﬂ@wﬁ%o

% (BUAA) T SRE LA aka KA April 2, 2012 47 / 54

A5 55 covariant derivatives

B

Remark (1% F1TIR &%)

WRD,V = 0, VIEr AT - FERIERIE LRFATIRIEY), HEVV = 0.
KL B B2 B PAT R &R PR AL .

Theorem (Al &K F1TH55))

BREM%r i | — MAE—p € M, V, € To(M) FLEME— I rf~FAT I &
YV, HREV(0) = V,.

[Outline: | FAfE— A MHT - AL 0L, AN VK 4 Vidrk = o;
LYEODE T RN R 2/ FEEM—1, I FEEE—R P TREY -
WERANE BB R, BT LU 52— B PAT M =
Remark

GE M Zer, FIEDIEMFEN: Por: ToM = Ty M;
-1
R DV = lim,_o Lo V(= Ve

FkEZ (BUAA) WML SRR E L aka HUSHRTE IR H April 2, 2012 46 / 54

PEEES S e EE

{7l-r

EXAMPLE (BxJLE 23 H)
g =0ddxidxd =Y, d(x)?,

1

TR AT AR e g = dx® + dy? = d(rcosf)? + d(rsinf)? = dr? + r’d6?.

EXAMPLE (&)

BRATHE : M — RVENFESEE

gm(X,Y)=i"g(X,Y) =g(iX,i,Y) =g(X,Y). TEEX, YEMLm
i o

BKIERIE S ERE = glsn.

EXAMPLE (ElfJE)

R - U e R" — R, BIIET : F(x) = (x,f(x)) Cc R", BT E
BF*(g) = F*(0 (dx)?) = 327 (dx)? + dif?

TR R FRRE = du? + dv? + (dV1 — u? — v2)2,

WAL SR E LA aka 5T KA April 2, 2012 48 / 54




REXE

V=5 6] 5 P =5 8] 11555 [F) 14

Definition ([F]#4)

M g TM — T*M, g”(X)(Y) = g(X,Y), it hX.
g LRI -

T gy T"M — TM DL EBRES R BRE, gy(X°) = X.

Remark

JrERFRIRX = X108 = gydx'dx/, .
X0 = gy Xidxd FRATEIR R 100X = gyX';
iagﬁﬂ/‘]ﬁgiﬁﬂ?g” = (gj) 7% w = wjdx’,

Wl = glwi0; FRNFEWS LT W' = glw;.

PAE#RAERT LINHESR E AT - il gradf = dff.

WAL SRR Z LA aka RUSHRTE IR A April 2, 2012 49 / 54
B 5 SR

FHIRERSS
Definition (FEEMZAHLLS)
REWIL LRV xg(Y, Z2) = g(VxY,Z) + g(Y,Vx2).
1L Vg =0.
Proposition
AT M E S RFF -
FraFAT RS Bh 4 )25 1Al SR BRAS HE )
Definition (X FREELS)
E B IEKR: 7(X,Y) =VxY —VyX —[X, Y]
Wi = 0, FREREE XS FRAEL TR RY - )
JFERFEIR: Th = (T —TK)0 ® dx’ @ dx
HHFrE =Tk,

kB2 (BUAA) WAL SRR Z L aka FU5HRIE KR April 2, 2012 51 / 54

i

Theorem

E—EERE AR = -

Remark
o WREUI: g(X,Y)WHAEFF -
LorentzE&: g = d(x')? — (dt)?
o ARWBI: g LF TMIITH,
BBHE: M5— 1AW TEHZSEN RS,
o Finsler E&: F: TM — RE X —"T5%{(norm).
ES=Liniy

WAL SR E U aka ML KA

FKEZ (BUAA)
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BB T —

Theorem

E—HBERERE L EEE—— 1 5E EME BXTRAEL . FRE B
SR o B Levi-CivitaBk4 -

Proof.

B IR FIBX(Y,Z) = (VxY,Z) + (Y, VxZ);

VxY —VyX = [X,Y], #l15

<VX Yv Z) =

XY, Z) + Y(Z,X) — Z(X,Y) = (Y, [X, Z]) = (Z,[Y, X]) + (X,[Z, Y]
[ DA SR A AR R T R4

fRAENE: | T g = (B, E), Ve E = T5E, SIFEFTEHES
HE

rfjg/m = 1(0igjm + 0jgim — Omgij) ; r,’-j- = 1gk™(Digjm + 0jgim — Omgi;)
BH5E VI AKIEF S ERL - O

W SR E LA aka ST SR

4
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B 5 3 S

I b 2%,
W b 2% ) B A7 AR ME— S
Definition (FEXBLFTEXP)

EXVIMESE Ae =V € T,M,l#EFENH
%ry :[0,1] = M,r'(0) = v.
TE S TEEUE Exp - € — M,Exp(V) = ry(1).

[ SGTEEMAREL, 75 B R FIRE - WA MR - |
Definition (HiZ&1%)

fﬁ]’%’lﬁﬂ@%r I — M, EX L(r) = [P |r(t)|dt HILEIKE -
I L B— M EEE KA d (X, y) = min, L(r) : r(0) = x, r(1) = y.

o E—HE MY HIEE REUE AN EEZ A -
o T s ] B 2 2 M M 4%
o 4% 2 R A FE T 25 -

MRS E JLA aka f5MATE KR

KA (BUAA)

April 2, 2012
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B 5 3 S

o
TIE R ILFRITEAR -

Definition (&K &)

EX:R:TMXxTMxTM— TM, [#E
R(X,Y)Z =VxVyZ—-VyVxZ—VxyZ.
EE: AHAE UL

Remark
o RiE(1,3)M3KE - 7 JTHEX(OA)EEKE

R(x,y,z,w) = (R(X,Y)Z, W) NS EKE -
o BHHIZ sec(X,Y) =R(X,Y,X,Y)ZERERS HEKE

o Riccii#: Ric(X) =3y, sec(X,Y))
o MEME: Scal(p) =y Ric(X) =23y 3y sec(X, Y).

| R AR N, BB LT RN . |

MRS E JLA aka fl5MIE KR

KEA (BUAA)
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